SOLVABLE PRIMITIVE PERMUTATION GROUPS
OF LOW RANK(Y)

BY
DAVID A. FOULSER

1. Introduction. B. Huppert [14] has classified all finite solvable doubly transi-
tive permutation groups. It is possible to generalize Huppert’s theorem to the class
of two-dimensional solvable flag-transitive affine groups [8]. However, a more
natural generalization is the class of permutation groups of low rank. Let G be a
finite transitive permutation group of degree n on a set S, and let G, be the sub-
group of G fixing a point 0 in S. Define r(G), the rank of G, to be the number of
orbits of G, in S (including the orbit {0}) (cf. [11], [12]). Thus, Huppert’s theorem is
concerned with groups of rank 2.

In this paper, we consider the finite solvable primitive permutation groups of
rank >2 (the primitivity of G assures that G, is a linear group). Using techniques
similar to Huppert’s, it is possible to classify the maximal solvable primitive per-
mutation groups of rank 3, and to restrict the possibilities for rank 4 groups to a
small set. Moreover, certain results for groups of rank less than 10 and 20 are
possible. On the basis of these results, it would be relatively easy, but tedious, to
determine all the groups of rank 3 (or 4) by examining the subgroups of the maximal
groups of rank =3 (or £4).

Moreover, these techniques when applied to rank 2 groups produce a new
proof of Huppert’s theorem, as follows(?).

The standard analysis of the class of solvable linear groups [5], [13], [17] divides
this class roughly into 3 subclasses, A, B, and L. U consists of collineation groups
of affine lines; B consists of the remaining groups which are vector space primitive,
and 8 of those which are imprimitive. If H € ¥, then H has a minimal normal
nonabelian subgroup N which is a g-group (in fact, N is usually an extra-special
g-group), for some prime g, such that |N/Z(N)| =¢*™, for some m. B can be sub-
divided into two subclasses B; and B according as H contains, or does not
contain, respectively, such an N which is irreducible.

Huppert’s theorem states that if G is a solvable doubly transitive permutation
group, then G, € A with the exception of 13 groups which are in 8 (for an analysis
of the doubly transitive groups of %, see [9, Theorem 15.3]). To prove Huppert’s

Received by the editors July 7, 1966.

() I gratefully acknowledge the support of the U.S. Army Research Office, Durham, and
the National Science Foundation, through the University of Chicago.

(2) See D. S. Passman, Permutation groups (Benjamin, New York, 1968), p. 228 for a
simplified proof of Huppert’s theorem.



2 D. A. FOULSER [September

theorem, let G, € B. Then the stabilizers N, in N of points x#0 in § are abelian
subgroups of N. Since N is normal in G,, 2 points x and y lie in the same orbit
under G, only if N, and N, are conjugate in G,. Hence the number of noniso-
morphic stabilizers in N yields a lower bound for r(G). When this bound is applied
to Huppert’s theorem, it eliminates all the possibilities in B except those cases in
which doubly transitive groups actually occur (see (3.13) and (3.15)). This proof
seems preferable to the proof of Huppert’s theorem in [8, Theorem 2.3], which de-
pends on a number-theoretic lemma of Artin-Birkhoff-Vandiver, in that the
present proof depends only on the permutation properties of G.

Now let G be a maximal solvable primitive permutation group of degree n on a
set S. Then G, is a semilinear group on a vector space V over a field GF(p*).

1.1 THEOREM. Let r(G)=3. Let (a, b) be the lengths of the nontrivial orbits of G,.
Then G satisfies one of the following conditions.
1. Ge¥;
2. G € B,, and one of the following cases applies.
(a) g™ =3, p*=4, n=4%, |G| =4%(2*-3*), and (a, b)=(27, 36);
(b) q"=2, n=p?, |G| =p?*(24k(p* — 1)), for p* and (a, b) as follows.

p* 32 13 17 19 33 29 31 47
(a, b) | (32,48) (72,96) (96,192) (144,216) (104,624) (168,672) (240,720) (1104,1104)

(©) qm=4, p*=3, n=3%, |G| =3%(28-3%), and (a, b)=(32, 48);
(d) gm=4, p*=17, n=T7%, |G| =7*(2"-3-5), and (a, b) =(480, 1920).

3. Ge L, then there exists a decomposition V=V, @® V, of V into minimal
imprimitivity subspaces for Go, and G|V, is transitive on the nonzero elements of V;
(i=1, 2) (hence G, |V is determined by Huppert’s theorem). Moreover, the nontrivial
orbits of Gy are V, U V,—{0} and V—(V, U V).

REMARK. All the cases in part 2 exist. The two cases with n=3* in 2(b) and 2(c)
are distinct, from the structure of N and A.

The groups of part 2 are all maximal solvable groups. Certain of these groups
contain proper rank 3 subgroups (e.g., the group G in 2(c), for n=3%, contains
rank 3 subgroups which are in the class B5; see Proposition 9.10).

Moreover, there exist two cases in which exceptional doubly transitive groups
have proper rank 3 subgroups (this information can be derived from [9, p. 457,
Table II]). These cases are as follows (for G a maximal rank 3 group):

2(b"). G e B, q"=2, n=p?, where either

(i) p*=17, |G| =7%(23-3%), and (a, b)=(24, 24); or
(il) p*=23, |G|=23%223-3-11), and (a, b)=(264, 264).

1.2 THEOREM. r(G)=5 except possibly in the following cases:
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1. Ge¥;
2. G € B, and one of the following cases applies.
(a) q"=3, p*=4 or 7, and n=p®*,
(b) g™=2, p* <71, and n=p*,
(c) q™=4, p*=3, 5, or 1, and n=p**,
3. G € By, and one of the following cases applies.
(a) g"=2, p*<7, and n=p**;
(b) g™=2, p*=3, and n=73%;
(©) q"=2, p*=3, and n=3*°.
4. G € &, there exists an imprimitivity decomposition V=73]_, @ V, for r=2 or 3,
and G|V, is transitive on V;—{0}, for | Zi<r.
Moreover, if r(G) <10 or if r(G) <20, then certain results are possible if G, € B,
U 8 (see (2.5) and (5.1); also (6.34), (8.1), (8.5), and (8.7)). It is clear from §9 how
these results could be extended to By.

Proof of Theorem 1.1. 2(a) from Theorem 6.34, Corollary 6.35, and Proposition
4.6; 2(b) from Corollary 8.2; 2(c) and 2(d) from Corollary 8.6 (also see Theorem 5.1);
and (3) from Proposition 2.5. For the class By, see Proposition 9.10. Theorem 1.1
has been obtained recently independently by Larry Dornhoff, using work of D. S.
Passman (ibid). Related papers of Professor Dornhoff include: On imprimitive
solvable rank 3 permutation groups, and The rank of primitive solvable permutation
groups, (to appear).

Proof of Theorem 1.2. Property 2 from Theorem 5.1, 3 from Proposition 9.10,
and 4 from Proposition 2.5.

§§2 and 3 below contain the standard analysis of solvable linear groups; §2 con-
tains the discussion of the class &, §§3-8 discuss B, and §9 analyzes B. The proof
of Huppert’s theorem is given in §3 along with the required analysis of the abelian
subgroups of N. §5 contains a lower bound for r(G) which eliminates all but a
relatively few cases of B,. The remaining cases of %, are discussed in §§6-8. In
particular, §6 contains an analysis of the case ¢>2, m=1, which is complete if
q=23 (see (6.34) and (6.35)).

1.3 NOTATION. Let V be a vector space over a field F, and let H be a group of
linear transformations of V. It often is necessary to discuss the corresponding
projective space PV determined by V and F, and the induced projective group
PH~ H|F. We will try to avoid the explicit introduction of the projective situation,
and the resultant additional notation and complications, as follows. Define a point
of V (as opposed to an element of V) to be a one-dimensional subspace of V,
i.e., a point of PV. Moreover, let H denote both the linear group H and the pro-
jective group PH, depending on the context.

If x is a point or an element of V, let H, denote the subgroup of H fixing x,
and let x denote the orbit of H containing x. If b is a matrix acting on V, let b7
denote the transpose of b.
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Let GL(V), SL(V), I'L(V), and Sp(V) denote the general, special, semilinear and
symplectic groups of V, respectively (also GL,(p"), etc.). Let PGL(V'), etc. denote
the corresponding projective groups. If V; <V, let H|V; denote the restriction of
H to V. Finally let 2, denote the symmetric group of degree n.

If N is a subgroup of H, let R4(N), €4(N), B(N), and N’ denote the normalizer
and centralizer of N in H, and the center and commutator subgroup of N, re-
spectively. Let Aut (N) and Aut; (N) denote the group of automorphisms of N
and the group of automorphisms which fix 3(N) element-wise, respectively. If
o, B,...€ H(orin V) then {«, B, ...> denotes the subgroup of H (subspace of V)
generated by o, 8, . . ..

Let a and b be integers. Then a|b and afb denotes that b=0 (mod a) and
b#0 (mod a), respectively; and (a, b) is the g.c.d. of a and b. Let |H| denote the
order of H.

2. Solvable primitive permutation groups. In the following section, the standard
analysis of maximal solvable linear groups is applied to primitive permutation
groups (cf. [13], [17]). The various cases which arise lead to three classes of groups,
A, B, and L. The groups of low rank in £ are discussed below in this section, and
the groups in B are discussed in §§3-9.

Let G be a maximal solvable primitive permutation group of a finite set V. Let
T be a minimal normal abelian subgroup of G, so that T is an elementary abelian
group of order p’, for some prime p and integer f. Since G is primitive, then T is
unique, T is transitive on V, and |T|=|V|=p’. Thus G=T-G, is the split extension
of T by G, the subgroup of G fixing a point of V. Moreover, it is possible to make
V into a vector space of dimension f over GF(p) by inducing the group addition of
Tin V. Then T and G, act as the group of translations of ¥V, and as an irreducible
group of linear transformations of ¥ over GF(p), respectively.

2.1 DEFINITION [11], [12]. If G is a transitive permutation group on a finite set V,
define the rank of G, r(G), to be the number of orbits of G, in V. The trivial orbit,
(0), is counted in determining r(G). Thus if G is a k-fold transitive group for k =2,
then »(G)=2. Further, r(G)=3 if G, has exactly two orbits in addition to (0).

If H is a group of linear transformations of a vector space V, then it is con-
venient to define r*(H), the r*-rank of H, to be the number of nontrivial (i.e., #(0))
orbits of H. If G=T- H, with H=G,, let r¥(G)=r*(H)=r(G)—1.

Now for the moment, let H be a maximal solvable linear (or semilinear) group
on V¥ over F. Then H contains the subgroup F* of all scalar transformations of V.
Thus H is transitive on the nonzero elements of any one-dimensional subspace of
V. Hence, r*(H) is equal to the number of orbits among the points of the pro-
jective space PV under the projective group PH. Therefore, the study of the rank
of the maximal solvable primitive permutation groups G can be reduced to the
study of the number of orbits of certain solvable projective groups. As we explained
in (1.3), a point x of V is defined to be a one-dimensional subspace of V (i.e., x= Fu,
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for v#0 in x), and H denotes both the linear group H and the projective group PH,
depending on the context. This avoids the explicit introduction of the projective
situation.

To continue the analysis of a solvable, primitive permutation group G with
G,=H, let A be a maximal normal abelian subgroup of H.

2.2 LemMA. If A is irreducible, then G=T- H is a subgroup of the affine group of
dimension 1 over GF(p’). Le.,

G c{x—>ax"+c: x,a,ceGF(p),1 <b <Jf)

Proof. [14, Hilfssatz 2], [8, 3.2].

2.3 DEFINITION. Let U be the class of primitive permutation groups which are
subgroups of finite one-dimensional affine groups. Now let G=T-H be a solvable
primitive permutation group which is not in . Let G e DB if H is vector space
primitive on V over GF(p), and let G € & if H is imprimitive [13]. The definitions of
B and £ do not depend on the choice of 4. However, if H ¢ 2 then every A4 is
reducible; and if any 4 has inequivalent irreducible representations on V, then
H e 8 [13, Satz 2, p. 481].

Let G € B, and let 4 decompose V into ¢ equivalent irreducible subspaces V5, . . .,
V,, where 1>1 and ¢|f. Then A acts faithfully on each V; as scalar multiplication
by elements of F=GF(p*), where k=f/t. Thus in particular, 4 is cyclic and
|A] | p¥—1. Moreover, A is contained in no proper subfield of GF(p*). Therefore,
each V; and hence V is a vector space over GF(p*), under the action of A. It
follows that €,(4) and H=Ny(A) operate on V as groups of linear and semilinear
transformations, respectively, over GF(p*); hence [H : €,(A4)] divides k. Since G
is maximal, 4 =F*. Moreover A4 is unique. For if 4; is another maximal normal
abelian subgroup of H which determines F, =GF(p*1), then |4 : 4 N A,] | k, and
hence |A4] |k1(p"x—1). Therefore, kK <k, by a number-theoretic lemma [8, 3.1],
[9, 2.4]. Similarly, k, <k, so k=k,. Therefore, (p*—1) | k|A, N A, so AN A,
generates both Fand F,. Thus 4=4,.

Next, suppose Ge Q. Let V=V, @ --- @D V; (r>1) be a decomposition of V
into minimal imprimitivity components of H. Since H is irreducible, H acts
transitively on the set {V;} (1=i<r). For H in €, 4 is not unique; in fact, 4
depends on the decomposition of V, V=V, & ---® V,.

2.4 LemMmaA [14, Hilfssatz 3, p. 131). Let G be a solvable doubly transitive per-
mutation group. Then G € A U B.

Proof. If G € &, then a point of ¥, and a point of V'—|J] V; never lie in the
same orbit, so r*(H)=2.

Since H|V; is primitive, the remarks above concerning B can be applied to
Vi, ..., V;. Since H is transitive on {V}, it follows that each V; is a vector space of
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dimension ¢ over GF(p*), for some integers k and ¢ such that ktr=f. Let H;=H|y,,
1<i<r; and let Hy, . v,=H be the subgroup of H fixing each V. Then H,~ H,
~...~H, HJIH, HSH,x - -- x H,, and H/H is a subgroup of X, by its action
on {V;} (15i=<r). For example, h € H has the form h=diag (hy,..., h,), for h
acting on V. Finally, there is a 1-1 correspondence between the orbits of ¥; under
H,; and the orbits of V; under H, (1 =i, j<r), determined by H/H. For let x; and
yi € V,, with h(x;)=y,; for some h e H;. Suppose a and b € H, a(x;)=x;, b(y)=y;,
with x; and y; € V;. Then bha~'(x;)=y;, and since elements of H permute the
subspaces V1, ..., V,, it follows that bha~' € H,. Hence x; and y; are in the same
orbit in ¥; and this orbit is the image of the orbit {...x;,..., i, ...} of ¥; under
every element of H which maps V; onto V.

2.5 PROPOSITION. Let G=T-He &, let V=V,® --- @DV, be an imprimitive
decomposition of V determined by H, and let n=r*(H|V,). The following table lists
lower bounds for r*(H) for certain values of (n, r). For all other values, r*(H)=5;
and for all other values with n> 1, r*(H) 2 10. In addition, r*(H) 2 20 if either n2 5,
orr=z5andn=2,orrz1l.

n 2 3 45

1 12 3 409
21509
319

2.6 LEMMA. Let H satisfy the following conditions: H=H,x Hyx - - - x H,, and
H/H=Z%,. Then r*(H)=Cp,,,—l.

Proof. H; has n+1 orbits (including {0}) in V; (1=i<r). As we mentioned, the
orbits of H; and H; (1<i, j<r) are in one-to-one correspondence under H. Since
H=H, x --- x H,, the points of ¥; can be permuted independently of the points
of V,. Since H/H~ZX,, then the number of orbits in ¥ under H is equal to the
number of unordered r-tuples with entries from the set {0, 1,..., n}, namely
Crr,r- Excluding the trivial orbit, r*(H)=C,,,,—1, as required.

Proof of Proposition 2.5. Since H< H, x - - - x H, and H/H<Z,, it follows from
(2.6) that r*(H)= C,,, ,— 1. In addition, note that C,,,,—1220 for n=5, or for
nz2and rz5.

Let us return to the class 8. Let G=T- H be a maximal element of B, with f=k¢
and A~ F* as before. Since H is maximal, it follows from [17, Theorem 10, p.
21], that €,(4)# A. Let N be a minimal normal nonabelian subgroup of H con-
tained in €,(A).

2.9 DErFINITION. Let 8B, and 9B be the subclasses of B for which a minimal group
N (above) is irreducible, and for which no minimal group N is irreducible,
respectively.
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The subclasses B; and By are discussed in §§3-8, and 9, respectively.

2.10 LeMMA. Let G=T- H be a solvable doubly transitive permutation group, and
let G€ B. Then G € B,.

Proof. First, €,(4)# A, since p’ — 14k(p* — 1), for k < f. Second, if N is a minimal
subgroup of H as above, then N is irreducible (see [14, Hilfssatz 1, p. 129] and
[3, p. 199)).

3. Huppert’s theorem. We continue to study the class B (Definition 2.3). Let
the groups H and N satisfy the following hypothesis:

3.1. H is a maximal solvable irreducible, primitive, semilinear group acting on
the vector space V over F=GF(p*). A, a maximal abelian normal subgroup of H,
is the group of all scalar transformations of ¥. And N is a minimal normal non-
abelian subgroup of H which is contained in €4(4).

A study of the abelian subgroups of N leads to a new proof of Huppert’s theorem
(3.15), and some information concerning the groups of low rank in the class B,,
for which N is irreducible (§§6-8). The class B, for which N is reducible, is treated
in §9.

If H and N satisfy 3.1, then [13, Hilfssitzen I and II, pp. 486, 488] shows that
H and N also satisfy the following conditions:

3.2. (1) N is a g-group, for some prime q.

(2) [N'|=g, and N'SB3(N)<S A. Thus, g | |B(N)| | p*—1.

(3) The exponent of N is g or 4, as g>2 or g=2, respectively.

(4) W=N/8(N) is an elementary abelian group.

(5) H/Cy(W) acts irreducibly on W, over GF(q).

6) Cu(Z)/C(Z) N Eyx(W) is isomorphic to a subgroup of Sp(W), the
symplectic group of W, where Z=3(N). Hence | W|=¢%", for some integer m.

In fact, from 3.2, N belongs to one of the following classes of groups:

3.3. (1) N is an extra-special g-group (i.e., 3(N)=N'=®(N), the Frattini sub-
group of N, and |N'|=g; see [10, p. 15]), and the exponent of Nis g or 4 as g>2
or g=2, respectively; or

(2) g=2, |3(N)|=4, and N=N*-3(N), for N* an extra-special 2-group con-
tained in N such that N* N 3(N)=N".

However, not all of the groups which satisfy 3.3 also satisfy 3.1 or 3.2. None-
theless, it is convenient to study the groups of 3.3 and then to restrict the results
to the original groups of 3.1.

3.4 DerFINITION. Let § be the set consisting of all g-groups which satisfy 3.3
(1) or (2). Let N €  and |N/3(N)|=¢*". Define m to be the length of N.

3.5 LEMMA. Let N € © be a q-group of length m. Then
1. N=N;X - -+ X N, the central product of m q-groups N; of length 1 in . More-
over, Cy(N)=N; % - -- A' -+ X Ny, for L <i<m.
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2. (a) If ¢> 2, then each N; (1 £i<m) is isomorphic to the unique nonabelian group
of order q® and exponent q.

(b) Let g=2 and |3(N)|=2. Then one can assume that Ny, ..., N,_, are iso-
morphic to D, and that N, is isomorphic either to D or to Q, where D and Q are
the dihedral and quaternion groups of order 8, respectively.

(c) Let g=2 and let |3(N)|=4. Then N; is isomorphic to {D, z, where D is the
dihedral group of order 8, z has order 4, z centralizes D, and {z%)=3 (D).

Proof. 1. (Cf. [10, p. 17].) By definition, N is the central product, N=N; X N,,
of 2 normal subgroups N, and N,, if 8(N;)=38(N,), and if N is equal to the direct
product of N; and N, in which 8(N,) and 8(N,) have been identified. Let Z=3(N).
Let x € N—3(N). Then there exists y € N—Z such that the commutator [x, y]#1.
Hence <{x, y, Z>= N, is a g-group of length 1 in $. Let {x, y, xs, . . ., x,»} be a base
for N/3(N). For each u, 35u=q™, there exist integers i,, j, such that x, =x%y/ux,
centralizes {x, y>, since |N'|=q. Then <{x3,..., xqn, Z>=C\(N,) is a g-group of
length m—1 in $, and N is the central product, N=N,; x €y(N;). Continue.

2. There exists one extra-special g-group of order ¢® and exponent g, for ¢>2
(see 3.8 or [19, p. 151]). There exist two extra-special 2-groups of order 8 and
exponent 4, namely D and Q.

Next, note that Dx D~ Qx Q. For let D;=<a;, b,>, where af=>b? and a; ‘bq;
=a?b;, so that D;~ D, fori=1,2.In D, X Dy, let ¢;=a; (i=1, 2), d, =asb,, dy=a,b,,
and Q,=<c¢;, d>, i=1,2. Then Q;~Q, i=1,2; and D; x Dy=Q; % Q..

To prove 2(b), let N=N; X - -- x N,,, where N;~D or N;~Q, for each i. Thus
NxDx---xDxQx---%xQ, and (2b) follows by replacing Q% Q by Dx D as
many times as possible.

2(c). From (3.2), N,=(N¥, z), where {(z)=38(N). Moreover, N¥~D or Q.
However, <D, z)~<Q, z), since x € N—3(N) and |x|=2 or 4 implies |xz|=4 or
2, respectively.

3.6 NOTATION. Let N be a g-group of length m in . If g#2, write N=N(g™).
If g=2 and |3(N)|=2, write N=N'(22™) with i=1 if N¥Dx ---x D (type 1),
and i=2 if N¥Dx---xDx Q (type 2). If |3(N)|=4, then write N=N3(2™)
(type 3).

Note that D~ N?*(2) and N3(2) do not satisfy 3.1; D contains a characteristic
subgroup of order 4, and so violates 3.2(5); and N3(2) contains a characteristic
subgroup isomorphic to Q.

3.7 LeMMA. Let N=N(q) be a g-group of length 1 in , and let |3(N)| Ip"— 1.
Then N has a faithful, absolutely irreducible representation of degree q over GF(p*).

Proof. Let A € GF(p*) have order |3(N)|. If ¢>2, then N has generators a, b,
¢, subject to the relations

@ =0b"=¢=1, ba=uabc, (¢)=3N), [19,p.151]
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Let a, b, ¢ be the following g x g matrices:

1 0O 010
A 001
a= A2 , b=} : )
, 0 01
(3.8) 0O po-1 0 .- 0
A O
A
c= .
@) A

Then 0: @ —a, b — b, ¢ — c is a faithful, absolutely irreducible representation of
N. For suppose that 6 is reducible over a finite extension field K, and let 6=3 6,
be the complete reduction of 8 over K. From the order of GL/(K), for t<gq, the
group of ¢ x t diagonal matrices

S = {diag(A,...,A): [A] =g, 1 Sist}
is a Sylow g-subgroup of GL(K), and S is abelian. Hence 8,(N) is abelian for each

i, so 6(N) is abelian, which is false. Hence 6 is absolutely irreducible.
If g=2, let 6(D)=<a, b) and 6(Q)=<c, d>, where

0 e (0o e )

A and p € GF(p) such that A2+u?= —1, [14, Hilfssatz 4]. Note that if 4|p*—1, we
can let 0(Q)=<a, /(—1)b). Hence if |3(N)| =4, let 0(N)={a, b, /—1).

Note that in each case, 6 corresponds to a faithful representation of 8(N) of
degree 1.

3.10 LEMMA. Let N=N(g™) be a g-group of length m in ©, and let |3(N)| | p*—1.
Then there exist exactly ¢(|B(N)|) faithful, absolutely irreducible representations
of N over GF(p*) (where ¢ is Euler’s function), one for each faithful representation
of B(N) of degree 1 over GF(p*). Each such representation of N has degree q™.

Proof. Let N=N, % - - - X N,,, asin Lemma 3.5, and let 6, be a faithful, absolutely
irreducible representation of N; on the g-dimensional space V;, for 1Zi<m.
Finally, let all the 6,’s agree on 3(N)=3(N,). Let =6,Q---®4,, be the repre-
sentation of N of degree g™ on V=V,®---QV,, as explained in the following
diagram.

@3.11) Ol ell %l emi

B(N)=01(N1)®92(N2)®"'® om(Nm)
V=7 ® V, ® Q@ Va
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Then 6 is a faithful, absolutely irreducible representation of N [10, pp. 17, 18].
For 8(N,) is irreducible and nonabelian of prime degree g on V; over GF(p¥), so
the group ring of 6(N,) over GF(p*) is isomorphic to GL(V;). Since GL(V,)
® GL(V,)~GL(V, ® V) [1S, p. 212], it follows that 8(N;) ® 6(N,), and similarly
6(N), is irreducible. Similarly, 8 is absolutely irreducible.

Moreover, since there are ¢(|3(N)|) choices of A (or 4/—1) in (3.8) and (3.9),
there exist at least ¢(| 3(V)|) inequivalent representations of this type, corresponding
to the #(]8(XV)|) inequivalent faithful representations of 3(N) of degree 1. Finally,
these are the only possible faithful, absolutely irreducible representations of N,
as follows [13, p. 490]. Let |3(N)| =4, for 7=1 or 2, so that |[N|=¢®"*". There
exist |[N/N'|=g?™**~! absolutely irreducible representations of N of degree 1. If
{p:} is the set of degrees of the absolutely irreducible representations of N, then
> p#=|N|. The representations of degree 1 and degree g™ listed above yield:

g 418NN = ¢ (g g+ 7—2) = ¢ = |N|.
Hence no further absolutely irreducible representations exist.

3.12 CoROLLARY. Let N=N(q™) be a q-group of length m in 9, and let
|B(N)| | p“—1. Then every faithful, irreducible representation of N over GF(p) is
absolutely irreducible, and hence has degree q™.

Proof. Cf. [13]. Let 8 be equivalent to 8'=27 6; over a finite extension field K
of GF(p*), where each 6, is absolutely irreducible. Since N is nilpotent (or directly),
J N 3B(N)#1 for every normal subgroup J of N. Since 8’ is faithful, then each 6;
is faithful on 8(N) and hence on N. Each 6, agrees with 6" on 3(N). Let 6* be the
(unique) faithful, absolutely irreducible representation of N over GF(p*), which
agrees with 6 on 8(N), and let y=r6*. Then 6* is equivalent to each 6, over K,
and hence  is equivalent to 6 over K. But 6 and ¢ are both representations over
GF(p*). Hence [6, p. 200}, 6 and ¢ are equivalent over GF(p*), and r=1. Therefore
0 is absolutely irreducible, and has degree g™.

Let H and N=N*(g™) satisfy hypothesis 3.1. For the remainder of §2 we assume
N is irreducible (H € B,). The following lemma gives a lower bound for r*(H), the
r*-rank of H.

3.13 PROPOSITION. If N is irreducible, then r*(H) 2 t, for t as listed in the following
table.

N=N!2"), m> 1 N=N2(2™) N=N3Q2"), m>1
Cases q>2
pE>5 J A pE>5 PEES pE>5 =5
t m+1 *um+1 pm—-1)+1 um w(m—1) m+1 m

* p=(Q2, (p*—1)2) for g=2.

3.14 COROLLARY. r*(H)=2 except possibly in the following cases.
1. g=2, m=1, N~Q, and p¥*=5 or p*=3 (mod 4);
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2. q=2, m=2, N¥Dx Q, and p*=3, where D and Q are the dihedral and
quaternion groups of order 8, respectively.

Proof. Apply 3.13.Ifg=2and N has type 1 or 3, then m > 1 (see remark following
3.6).
Huppert’s theorem is an immediate consequence of Corollary 3.14.

3.15 THEOREM (HUPPERT). Let G be a finite solvable doubly transitive permutation
group. Then G satisfies one of the following conditions.

1. G is a collineation group of a Desarguesian affine line;

2. Go=H contains a normal subgroup isomorphic to the quaternion group Q, and
H is a linear group of degree 2 over GF(p*), where p*=3, 5,7, 11, or 23;

3. Go=H contains a normal subgroup isomorphic to D x Q (D =dihedral group),
and H is a linear group of degree 4 over GF(3).

Proof of Huppert’s theorem. If G is not the collineation group of a Desarguesian
affine line (G ¢ %), then H=G, contains a maximum abelian normal subgroup
A which is reducible. Since G is doubly transitive, then €,(4)# A, H is primitive
(Lemma 2.4), and so H contains a minimal normal nonabelian subgroup N such
that Nc€,(A4). Again since G is doubly transitive, then M is irreducible (Lemma
2.10), so the analysis of this section and in particular Corollary 3.14 applies. In
case 1 of the corollary, p?*—1 | |H| | 24k(p*—1) from (4.6), so p*=3, 5,7, 11, or
23. The existence of solvable groups H such that r*(H)=1 in cases 2 and 3 of
Corollary 3.14 follows as in [14] and [8].

From the preceding lemmas on the representations of N, it is easy to see that
any stabilizer N, of N (where the point x is a one-dimensional subspace of V) is
an abelian group which contains 3(N). Moreover, if two points x and y are in the
same orbit under H, then clearly N, and N, are conjugate in H. Hence the number
of nonisomorphic abelian subgroups of N which contain 3(N) and are stabilizers
in N, is a lower bound for r*(H). It is this bound which is computed in Proposition
3.13. Hence the proof of 3.13 depends on a study of the abelian subgroups of N.

3.16 DErINITION. Let S be an abelian subgroup of N such that S=3(N), and
let |S/B(NV)|=q", for 0<r=<m. Define r to be the length of S. If ¢’ is the exponent
of S, for j=1 or 2, define S to be of type j, and write S=S7.

3.17 LeMMA. Let S=S}] be an abelian subgroup of N of type j and length r
(j=1or2, 0§r§m5, which contains 3(N). Then:

1. There exist elements xi, ..., x,€ N—B(N) such that S={xy, ..., x, B(N)D,
where |x;|=q, 1Si<r—1, and |x,| =¢’.

2. Moreover, there exist subgroups N, ..., N, of N (each N, is a g-group of
length 1 in H) such that x;€ N, for 1<i<r, and N=N, X - - - x N,,. In particular,
if g=2 and N has type 1 or 2, then we can assume Ny~ D, 1<i<m—1, and N,~ D
or Q as N has type 1 or 2, respectively.
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Proof. Part 1 is obvious except in the following case: N=N'(2™), i=1 or 2,
and r> 1. In this case, S—8(N) contains elements of order 2 (e.g., the product of
two independent elements of order 4), so we can choose »r— 1 independent elements
(mod 3(N)) of order 2. Then the rth independent element, x,, must satisfy |x,|
=exponent of S=27,

For part 2, assume S=<{xy,..., x,, 3(N)> as in (1), and suppose there exist
Ny, ..., N, s<r, such that x,e N; (1<i<s), Ny~{(D, B(N)> (1Zi=s) if g=2,
{Ni,..., No=N;x--- %N, and each N; centralizes each x, for i#u (15i<s,
1=u<r). Proceed as follows. There exists a,,, € N—3(N) such that the com-
mutator [x, ., d,,1]#1. We can assume a,,; centralizes Ny x --- x N, (if not,
multiply a,,, by an appropriate element from N; X --- X Ny). Let Ny, 1={xs;1,
agy1, B(N. If [ag, 1, x,]# 1, u>s+1, then let X, =x%, x,, for appropriate ¢ such
that [a,,,, X,]=1. Let

S = <x1,' <o Xs+ 15 Xs+2,~ . "fra B(N)>9

and note that |x,| =|X,|, u>s+1. Finally if g=2 and s+ 1 <m, then it is possible
to choose a, ; such that |a,,,|=2; hence N,,;~D. If g=2 and s+ 1 =r=m, then
N,~D or Q as N has type 1 or 2, respectively.

3.18 LEMMA. Two abelian subgroups of N which contain 3(N) and have the same
length and type, are conjugate in Nepq,(N).

Proof. Let N=N; X -+ X Ny, S={x1, ..., X;, B(N)) with x; € N; (1=£i=r), and
N=N;% - XNy, S={Zy1, ..., %, B(N)> with X, € N; (1Zi<r), as in Lemma 3.17.
There exists an element « € Aut; (V) such that «: N; — N, (1 £i<m); by examining
Aut (N;), we can assume a: x; —> X; (1 <i<s). Therefore a: S— S. As before, N
and «(N) are two faithful irreducible representations of N which agree on 3(¥).
Hence these representations are equivalent from Lemma 3.10, and so « is induced
by conjugation in RN, ,(N), as required.

Before deciding which abelian subgroups are stabilizers in N (Lemma 3.22),
we determine the number of distinct abelian subgroups of each length and type
and their fixed points.

3.19 DerFINITION. Let N=N’(q™) (for j=1, 2, or 3 if g=2). Let the number of
abelian subgroups of N which contain 8(N) and which have length r and type i
(1=r=<m, i=1 or 2), be denoted by

Cnifg>2;

C3,if g=2 and N=N3Q2");

Ct?ifg=2and N=N’(2™), j=1 or 2.

Note that C, ,, and C} ,, are the number of one-dimensional subspaces in a space
of dimension 2m over GF(q). Similarly, 2-Ci 7 is the number of elements in
N—3(N) of order 2! (i=1 or 2).

320 LemMA. 1. Let g>2. Then C,,=T1.2% [(¢*"*-1D/(g***—1)], for
1=r=m.
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2. Let q=2 and let f(r, m)=] 1321 Q¥ »—1)/2*—1), for 1=r=m, with the
convention that f(1, m)=1. Then

Cln=(2>"=1)f(r, m)[(2"-1),

Cin=Q"+(=1)2" "= (= D)f(r, m)/(2'— 1), and

C2i=(2"+(—DHQR™ " f(r, m), for j=1or 2 and 1 Sr<m.

Proof. 1. Let S,=<{xy,...,x,, B3(N)) be an abelian subgroup of N, and let
N=N;®Q - --QN,, with x,e N, (1=u=r). There exist g?"—1 choices for x;
(mod B(N)), i.e., any nonidentity element in N/3(N). Since €y(<{x1>)=<{x;, No®

-+ @N,>, there exist g(q®™~1—1) choices for x, (mod 8(N)). Continuing, there
exist [ 1,25 ¢*(g*™ Y —1) ordered sequences x, ..., x, of elements which generate
abelian subgroups of order ¢g". Given such a sequence, there exist (¢"—1)(¢"—¢q)- - -
(¢’—q" ") ordered sequences which generate the same subgroup. Hence, C,,
=I[L=o (¢®*" " =D/(g"***—1),for Isr=m.

2. A similar argument proves C2,=(22"—1)f(r, m)/(2"—1).

Now let S=Sic N=N’(2™) for j=1 or 2. The proof consists of induction on
r and m.

Let r=1 and apply induction to m. Clearly, the formulas for C¥; (i, j=1, 2) are

correct. Assume that m> 1 and that the formulas hold for m—1;let N=N; & - -
& N, asin Lemma 3.17. Any subgroup S of N has the form St =<{x; ® x,, 3(N)),
for x,8 unique in N,/3(N) and x, unique in N, ® - - - ® N,,/3(N). Further, i=1
if and only if either (i) |x,|=1 or 2, |xz| =1 or 2, but not |x;| =|x,| =1; or (ii) |x,|
=|x,| =4. Similarly, i=2 if and only if either (i) |x;|=4 and |x,|=1 or 2, or
(i) |x;]=1 or 2 and |x2| =4. Hence,

( +1)(C1m 1+1)—1+C Clm 1
and
= CH(CLh-1+D+(CHH+DCE ],

for j=1 or 2, and these equations lead to the correct formulas for C¥, (i, j=1, 2
and m>1).

Applying induction to r, we assume that r> 1 and that the formulas are correct
for r—1 and all m. Let St=<{xy,..., x,, B(N)>, where x,e N, (1Zu=<r) and
|%1]="+--=]|x,_1|=2. Since |x,| =2, there exist C¥, choices for {x;, B(N)) in N.
Having fixed x,, S} is uniquely determined by Si_, in N, ® - - - @ N, =N(2""%).
Hence, there exist C1;-C!_, 7 _, choices for S! with a distinguished element x;
of order 2. But x; can be chosen arbitrarily within the unique maximal subgroup
of Si of exponent 2, namely S! itself if i=1, or {xy,..., x,_1, B(N)) if i=2.
Hence, Ci,=C¥,Ci_; 5 _1/(2°—1), where e=r or r—1 as i=1 or 2, respectively.
Moreover, this equation leads to the correct formulas for C2, for i, j=1, 2, and
l<r=m.

Let N=N/(g")=N, Q- ---® N,, act irreducibly on V=V, ®---Q V,. Let
St={X1,..., %, B3(N)> be an abelian subgroup of N, with x,e N, (1Susr),
where N, is a g-group of length 1 in $ acting on ¥, (1Su<m).
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3.21 LeMMA. 1. There exist points (1-dimensional spaces) Fv for ve V fixed by
St, except in case g=2, i=2, and 4p*—1.

2. If there exist fixed points for St, then there exist exactly q¢'(p*" " "—1)[(p*—1)
fixed points distributed in q" vector subspaces of dimension q™~". These q" vector
spaces are permuted transititively by N.

Proof. By suitable change of the representation of each N,, each x, can be put
in diagonal form as in (3.8) and (3.9) (1 Su <r), except in case |x,| =4 and 4{p*—1.
In this case, since every irreducible representation of N, on V is faithful, x, fixes
no element of V. Otherwise, x, fixes exactly g points of V,, say Fv,, (1Su=<r,
1=<t<q). Then S} fixes every point of V of the form F(v,, @ - & v,;, ® w), for
weV,,1 ®--® V,, and these points are distributed in ¢" vector subspaces of
dimension ¢g™~". Since ¢ is a prime, and since N, fixes no point of V,, the ¢ fixed
points in ¥V, of x, are permuted transitively by N, (1=u=<r) (also directly from
(3.8) and (3.9)). Hence by induction, the g” vector spaces of fixed points of S? are
permuted transitively by Ny ® - - - Q N,.

On the other hand, suppose v is an element in ¥ which does not have the form
v=vy, & --& w above. Then we can assume v=72;v,, ® w;, for some fixed v
(isvsr) with w eV, @ - A’ @ Va, and at least 2 w,’s (say w, and w,)
nonzero. Then x,: v — 5, X~1p,, ® w,=v', and Fv# Fv' since X1 =1 X2~1, There-
fore, Fv is not fixed by S!.

The proof of Proposition 3.13 follows by counting the number of noniso-
morphic stabilizers of N listed below. Note that N*(2) and N3(2) can be excluded
from Proposition 3.13 since they do not satisfy the hypothesis 3.1.

3.22 LeMMA. The following tables list the stabilizer subgroups of N, for N an
element of H acting irreducibly on V.

NY(2™)
N N(g™),q>2
pE>5 PFES
St 0<r=m 0<r=m 0srsm,r£m-—1
*S2 not defined 1=rsm I1Srsm,r#¥m-1
N2(2™) N32™)
N .
pr>5 pk=3 pE=5 pE>5 pE=5
0=rzm-1 0<r=m
1 <r<m-— == ’ <r<m-— ==
St | 0sr=m-—1 rhm—2 0=r=m-2 0Zr=m rtm—1
[ 1=Sr<m
* Q2 <p< =1 =1t
S7 1SrEm none rtm—1 not defined

* S? is a stabilizer subgroup only if 4| p*—1.
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Proof. From the description of the fixed points of S, it is clear that St is a
stabilizer subgroup of N=N’(q™) exactly when 8(N) is a stabilizer subgroup of
Niy1 ® - ® Np=Ni(g™~"). In particular, it would be sufficient to show that
N, has 3(N,) as a stabilizer subgroup for r+ 1 Su<m. In the few cases for which
this is false, we determine whether or not 3(N) is a stabilizer for N=N7(q}),
where t=2 and 3.

Let g > 2. Then there exist ¢+ 1 abelian subgroups of N(g) which contain 3(N),
each fixing g points. Hence there exist (p*?—1)/(p*—1)—g(q+ 1) points with 3(N)
as stabilizer. Since g|p*—1 and ¢>2, (p**—1)/(p*—1)Zp%*+p*+1>g(g+1).
Therefore, every subgroup S, of N(g™) is a stabilizer subgroup for g> 2.

Let g=2. If N,~ D, then there are 2 abelian subgroups of type 1 and one of type
2 in N,. Hence, there exist p*—3, or p¥—5 points with stabilizer 3(¥,), as p*=3
or 1, (mod 4), respectively. Hence, 8(N,) is a stabilizer subgroup if and only if
p¥>S. Similarly, if N,=N?2(2) or N3(2), then B(¥,) is a stabilizer subgroup exactly
if p*#5. Hence, if p*> 5, then S} is a stabilizer subgroup of N whenever it exists,
and S? is a stabilizer subgroup of N whenever 4|p*—1. If p*=5, then S} is a
stabilizer subgroup whenever it exists (i=1, 2), and S% _; is not a stabilizer sub-
group. If p¥=3, then S} is a stabilizer whenever it exists, and S5 _, is not a stabilizer
unless N=N2(2™).

To complete the proof, it is sufficient to prove the following facts.

1. If N=N*2™), m=2 or 3 and p*=3 or 5, then () is a stabilizer subgroup
of N.

2. If N=N?2(2™), m=2 or 3 and p*=35, then 3(N) is a stabilizer subgroup of N.

3. If N=N2%Q2™) and p*=3, then 8(N) is not a stabilizer subgroup if m=2
(N~ Dx Q), but 3(N) is a stabilizer subgroup if m=3.

As an example of the application of 1 —3, let p*=3 or 5and N}(2™)~Dx --- x D.
From (1), 3(N) is a stabilizer in Dx D and in D% Dx D. Hence S} is a stabilizer
for 0=<r<m—2. The other cases for p*=3 or 5 can be handled similarly.

Proof of 1-3. 1. Let N=N(2%)~ D x D. The nontrivial stabilizers of N have
length 2, and fix exactly 4 points each. Hence from Lemma 3.20, there exist
4(C33+8C2)=4(6+98) points with nontrivial stabilizers, where 8=0 or 1 as
p¥=3 or 1 (mod 4), respectively. It is easily checked that (p**—1)/(p*—1)>
4(6+99) for p*=3 or 5, as required.

Let N=N*(2®)~ Dx Dx D. N contains C}}=35 and C%} =28 abelian subgroups
of length 1 and type 1 or 2, respectively. Let p*=5. Then each of these 63 subgroups
fixes 2(5*—1)/4 points. Hence, there exist at least (5%—1)/4—126(5*—1)/4=
(5*+1-126)(5*—1)/4>0 points with stabilizer 3(N). Let p*=3. Then the 28
subgroups of type 2 fix no points, so there exist at least (32 —1)/2—2-35-(3*—1)/2
=40(82-70) > 0 points with stabilizer 3(N).

2. Let N=N2?(2?)~ D% Q and p*=5. The nontrivial stabilizer subgroups have
length 2 and hence type 2, and there exist C22=15 of them, each fixing 4 points.
Hence, there exist (5*—1)/4—4-15>0 points with stabilizer (N).
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Let N=N?(2%) and p*=S5. There exist 22"—1=63 subgroups St (i=1 or 2) in
N, each fixing 2-(5*—1)/4 points. Hence there exist ((5*—1)/4)(5%+1—126)>0
points with stabilizer 3(N).

3. If p*=3 and N=N?(29)~Dx Q, then U=R;,+,(N) is transitive on the
points of ¥, and hence 8(N) is not a stabilizer [1], [8], [14]. If N~(Dx D)x Q,
then B(N) is a stabilizer, since 3(N) is a stabilizer in Dx D from (1), and in Q
since p*=3. This completes the proof of 3.22.

If St is a stabilizer subgroup of N=N7(gq™) acting on V over GF(p¥), then there
may exist fixed points x of S! such that N, 2 S!. The following lemma discusses
the number of points y such that N, =S

3.23 DeFINITION. Let s, be the total number of stabilizer subgroups of N=
N?(g™ of length r (r<m); let v, ,, be the number of points fixed by a stabilizer of
N of length r; let g/, be the number of points x such that N,=3(N). Finally, let
W, be the number of subgroups of order ¢" in an elementary abelian group of
order g™ (r =m). These definitions may depend on ¢ and p¥, as well as on j and m,
the type and length of N.

Note that if ¢>2, then j=1 and s},,=C, . If g=2, p*=1 (mod 4), and p*> 5,
then s/ ,,=(22"—1)f(r, m)/(2"—1) is independent of j. Moreover,

r—1
Vrm =g (@ =D(p*—1), and w,.= [ ] (@ =D)(g"+**-1D.
v=0

Finally, from the proof of Lemma 3.21, the number of points stabilized by the
stabilizer St is ¢"- g}, _,. Therefore,

(3.24) gh =@ =D/ —1)— D SLaq'gh-r.
r=1

If g=2, p*=1 (mod 4) and p*> 5, then by induction g}, is independent of j.

3.25 LeMMA. In the following equation, g}, is determined from m, j, si , (1 £r<m),
q, and p*:

gr];t = (pkqm_l)/(pk—l)_ z I"rsz,mvr.m’
r=1

where p,=2 (— 1)+ 1wy, Wiy, -+ - Wi, _yi,, Summed over all sequences 1=i,<i,<
cocdy=r, for 1St=r.

Proof. Clearly s} v, n=2>m_, W, 55 nq’gs-,. The proof follows from (3.24),
n0ting that 21":1 s:,mqrgin—r=z;"=1 .ursrj,mvr,m-

4. The order of H. Let H, A and N=N(q™) be transformation groups of V
which satisfy hypotheses 3.1. We continue to study the properties of N, without at
first assuming N is irreducible. Let the dimension of V be tg™, let V; be an N-
irreducible subspace of ¥, and let 4, be the group of scalar transformations of V;.
Finally, let X be a vector space of dimension ¢.
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4.1 LEMMA. 1. R (N)=Rerwy(N) @ GL(X), acting on V=V, @ X; Cgry(N)
~A4; ® GL(X).

2. [Repay(N) © Rerw(N)]=k.

Proof. 1. See [13, Satz III, p. 482, Hilfssatz II (1), p. 488].

2. Let N be represented as in (3.8), (3.9) and (3.11); with respect to the given
basis for ¥, let o be defined by o: (x;) — (xP) (1 £i<q™). Then [[L(V) : GL(V)]=k,
|o| =k, and o normalizes N.

Now let N be irreducible on V, so that t=1, V=V, 4,=A4, and X=0.

4.2 NoTATION. For N irreducible on V, let U=RNg ,(N) and U* =Ry (V).
Recall that W= N/8(N). Further, let N be represented as in (3.8), (3.9), and (3.11).
With respect to this basis for V, let o be defined by o: (x;) — (x7), | £i<q™. Finally,
let & be the least integer such that |3(N)| | pé—1 (hence k|k).

4.3 LEMMA. Let N be irreducible and represented on V by (3.8), (3.9), and (3.11);
and let o be defined as above. Then

1. U*=U, o);

2. () Cu(BN)=(U, ok, (i) Cu(N)=(4, %), (iii) Cu.(W)=<N, 4, %),
where 8=k ifg>2 and §=1 if g=2.

3. U/A~Aut; (N), the group of automorphisms of N which fix each element of
B(N).

Proof. 1. Lemma 4.1 (2).

2. (i) Apply (1), the definition of £, and the fact 3(N)< 4.

(ii) €y(N)=A4 from Lemma 4.1 (1). Moreover, of € €.(N) from (3.8), (3.9) and
(3.11). Now apply 2(i).

(iii) Applying [13, Hilfssatz I1.2, p. 488], but replacing in Huppert’s lemma the
direct product 8(N)x --- x 8(N) by N'x --- x N’, we see that € (W)=(N, 4.
Further, of centralizes N and hence W.

(«) Let g=2. Then o centralizes W from (3.9).

(B) Let ¢>2, let N, =<a, b>< N, as in (3.8), and let y=o'x centralize W, where
xeU and 0<i<k. From (3.8), x:aZ — a?"'Z and bZ — bZ, where Z=3(N).
Moreover, x induces a central automorphism in N;, which corresponds to con-
jugation by some element u in U, =Rg.v,,(N;) from (3) below. However, since u
fixes <aZ)» and bZ in N,/Z, it follows from (6.5) below that 6(u)=1; i.e., x, and
hence o', centralize W, so i=0 (mod k) which is a contradiction. Therefore,
Cy(W)=<N, 4, ok).

3. Let » be the natural homomorphism of U into Autz (N). The kernel of v is
A=GCy(N). Moreover, if « € Aut; (N), then N and «(N) are two irreducible repre-
sentations of N which are equivalent, since they agree on 8(N) (Lemma 3.10).
Hence »(U)=Aut; (N).

4.4 CoROLLARY. |U*|=k(p¥—1)-|Autz (N)|.

We determine |Aut, (N)| by counting the number of subgroups of N which are
g-groups of length 1 in $.
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4.5LeEMMA. 1. Letq>2 and N=N(q™) € . Then N contains ¢g*™~Y(g>"—1)/(¢*>—1)
subgroups which are in © and have length 1.

2. Let q=2, |3(N)|=2, and N=N’(2™) (j=1 or 2). The following table lists the
numbers of subgroups of N isomorphic to D and Q, the dihedral and quaternion groups
of order 8, respectively.

D Q

NI@2m) | 223+ (- 1)@m= (1)) | 222+ (- D)2 (- 1))/3
j=1lor2

3. Let q=2, |3(N)| =4, and N=N?3Q2™). The following table lists the numbers of
©-subgroups of N of various types and lengths.

sub-

group N27) N2(2m) N'(2)~D N*)~Q N(2)

number m- 1(2m + l) m= l(zm_ 1) 22(m-— 1)(22m — 1) 22(m— 1)(22m_ l)/3 22(m—1)(22m_ l)/3

Proof. 1. There exist C, , abelian subgroups {x, 3(N)) of length 1 in N. For
each such subgroup, there exists y € N—3(N) such that <{x, y, 8(N)>=N, has
length 1 in $. Further, every other nonabelian subgroup of length 1 of N con-
taining x has the form <{x, yw, 8(N)>, for w uniquely determined in N,/3(N),
where N,=C€y(N,) has length m— 1. Thus, there exist (¢g2™—1)g*™~V/(g—1) sub-
groups isomorphic to N, = N(q) with a distinguished subgroup {x, 3(N)>. Hence,
each N, is counted C;;=qg+1 times, so there exist g2™~Y(¢?"—1)/(¢%>—1) such
subgroups of N.

2. If m=1, the formulas are correct. Let m> 1. There exist CZ, abelian sub-
groups <x, 8(N)> of N of length 1 and exponent 4, and for such an x, there exists
y such that N, =<x, y, 8(N)>~ D or Q. Then every other subgroup isomorphic to
D or Q has the form {x, yw, 8(N)>, for w of order 1 or 2 in Cy(N,). If N~ D,
then €y(N,) has the same type as N, namely j (=1 or 2), and the number of sub-
groups isomorphic to D is C¥,-(Ci . _,+1), as required. However, if N;~ Q, then
€y(N,) has type j'=1 or 2 as j=2 or 1, respectively. Moreover, in this case Q has
three subgroups of order 4, so each N, is counted three times. Hence, the number
of subgroups of N isomorphic to Q is CZ,-(CL7 _, +1)/3, as required.

3. The number of subgroups N3(2) in N3(2™) is given by the formula in part 1.
Moreover, N3(2)~<{Q, z), where |z| =4, as in (3.9), and it is easily checked that
N3(2) contains one subgroup isomorphic to Q and 3 subgroups isomorphic to D.
Finally, one can verify the formulas for N*(2™) (i=1, 2) by induction. For example,
let i=2. There exist 2%™-1(22"—1)/3 subgroups N;~ Q in N and 2"~ 22"~ *+1)
subgroups of €y(N,)=N32"-') isomorphic to N'(2"-'). Further, there exist



1969] SOLVABLE PRIMITIVE PERMUTATION GROUPS 19
22m=3(2m 4 1)(2™~1 +1)/3 subgroups isomorphic to Q in N2(2™). Hence, there exist
[22m-D(22m —1)/3]2m~2(2m -1 4+ 1)/[22m 32"+ 1)(2™ 1+ 1)/3] = 2™~ (2™ —1)

subgroups of N3(2™) isomorphic to N2(2™), as required.

4.6 PROPOSITION. Let N=N'(q™) € 9, (for i=1, 2, or 3 if g=2) act irreducibly on
V, and let U*= mpL(V)(N).
1. Let q>2, or g=2 and N=N3Q2™). Then

(%] = k= 1-q 2" [ ] (@~ ).
2. Let g=2 and N=N'(2™), for i=1 or 2. Then
[U*] = k(g =) 2oeme s (1) T @)
Proof. It is sufficient by Corollary 4.4 to show that

|Autz (N)| = g™ **" [T (¢**—1)
u=1

in case 1 and

|Aut, (V)] = 2m“+'"+1(2"'+(—1)'>"‘r;11(22"—1>

in case 2, where Aut; (N) is the group of automorphisms of N which fix each
element of B(N). If N, is an -subgroup of N of length 1, then N=N; x Cy(N,).
Hence it is clear that Aut, (V) is transitive on the set of subgroups isomorphic to
N,, and the subgroup of Aut,(N) fixing N, is the direct product Aut, (N,)
x Autz (€y(N;)). Now apply induction, noting that |Aut, (N,)| =¢%(g*>—1), 8, or
24, in case 1, case 2 (i=1), and case 2 (i=2) respectively (e.g., see (6.5)).

4.7 COoROLLARY. Let I(N) be the group of inner automorphisms of N; let U=
Rerwvy(N). Then Auty (N)/I(N)~U[{N, A> is isomorphic to a subgroup B of
Sp(2m, q), the symplectic group of degree 2m over GF(q). In case 1, B=Sp(2m, q).

Proof. Use Lemma 3.2 (6), Lemma 4.3, Proposition 4.6, and |Sp(2m,q)|
=q™ [To-1 (¢**— 1), [2, p. 147].

5. An estimate for r*(H), He 8,. Let H, N=N(q™), and A be transformation
groups of ¥ which satisfy hypothesis 3.1, and let N be irreducible on V. Further,
let N be represented as in (3.8), (3.9), and (3.11), and let o, k£, U and U* be defined
as in 4.2. In §3, we derived a crude lower bound for r*(U*) which depended on a
study of the abelian subgroups of N. In this section, another type of estimate for
r*(U¥*) is discussed. This estimate shows that the groups of low rank occur in
relatively few cases, and these cases are discussed in detail in §§6-8. The results of
§§5-8 can be summarized in the following theorem.
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5.1 THEOREM. Let H and N satisfy 3.1, and N be irreducible. Let U* =Ry, (N).
Then

1. r*(U*)Z 100, except possibly in the following cases:

q 2 2 2 3 3 5,7
m 1,2 3 4 1 2 1
p* all <9 3 all 4,7 <16

2. r*¥(H)z9, except possibly in the following cases:

q 2 2 2 3

m 1 2 3 1

pF =6 <13 3,5 =25

3. r*(H) =4, except possibly in the following cases:

q 2 2 3

m 1 2 1

p* =7 <7 4,7
4. r*(H)z 3, except possibly in the following cases:

q 2 2 3

m 1 2 1

P <47 3,7 4

5.2 LEMMA. If N is irreducible, then
r*(U*) > ‘pk:(q”l - 2)/q2m2 +3m > pk(qm —(2m2 + 3m + 2)) > qq"‘ -(2m2+3m+ 2)’
whenever g™ 2 2m? + 3m +2.

Proof. There exist (p*¢" —1)/(p*— 1) points (i.e., one-dimensional subspaces) in
¥V, and every orbit of U* has length at most |U*|/(p*—1). Hence, r*(U*)
2(p*"—1)/|U*|. From Proposition 4.6, |U*||k(p*—1)g™*2" [Tr_, (g>—1).
Since (p*" —1)[(p*—1)>p*@" -1, it follows that:

(5:3) PHU*) > P Dlkgrm T (g% ).
u=1
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The proof follows by using the estimates k < p*, g <p*, and [ [7-, (¢%*—1)<q™™+D,
in (5.3).

The final estimate, r*(U*)>gq" ~@m*+3m+2 gives good results for g=11 and
mz=1. For example, if g"=11, then r*(U*)> 11% In fact, the lemma shows that
r*(U¥*) is very large, except in a relatively few cases. These cases will be discussed
in §§6-8.

5.4 CoROLLARY. r*(U*)=100 except in the following cases.
A. m=1,g<l11,

B. ¢=3, m=2, and p*=4 or 1,

C. g=2, m=4,

D. g=2, m=5, and p*=3 or 5.

Proof. First, g"~@m*+3m+25 100 in the following cases: g=11, m>1; ¢=5,
mz2; q=3, mz4; and ¢=2, mz7. Next, applying (5.3) to the case g=3 and
m=3yields: r¥*(U*) > p?%*|k-27.321.5, Since p* =4 and p*/k 22, r *(U*)>425/263215
=(4/3)*"(4/5)>2°/5>102. For g=3, m=2, and p*2z16, then p*/k=22%/4=4. So
(5.3) implies r*(U*)>(167-4)/(27-38.5)=223/38.5>(28/35)2.27>100. For p*=13,
and k=1, (5.3) implies r*(U*) > (13/6)®-(2/5) >2°/5> 100.

Finally let g=2. If m=6, then from Lemma 5.2

r¥(U*) > p*62[290 > 362/290 5 (9/8)3°.9 > [(1+4)%]"/2-9 > 100.
If g=2, m=35, and p*=7, then Lemma 5.2 implies
r¥(U*) > 789285 > (7/4)%°/2% > 315/2% > 310 > 100.

The estimates of Lemma 5.2 can be improved in various ways. For example the
orbits of the points for the various stabilizers in N could be estimated separately.
Lemmas 5.5-5.7 are one result in this direction. Another possibility is to restrict
H to be a solvable subgroup of U*, in which case Huppert’s analysis can be
applied to H/N acting on N/B(N) (see Lemmas 5.8 and 5.9).

For N=N/(q") in $ acting irreducibly on the vector space V (j=1, 2, or 3 if
g=2), let T be the set of points (i.e., 1-spaces) x of ¥ such that N, =38(N); and let
|T|=gi as in Definition 3.23. Further, let U*(N?)=Rpr.v,(N’(¢")) permute the
elements of T in u} orbits (let uo=1). Let S’ be a stabilizer subgroup of N of length
n=r, and type i, for i=1, 2, or 3 (if g=2).

5.5 LeMMA. U*=U*(N7(q™)) permutes the set of points of V which have stabilizers
isomorphic to St (for 1 Sn<m) in uj, _, orbits.

5.6 COROLLARY. r*(U*)=>"_ yul _,, where y, is the number of nonisomorphic
stabilizer subgroups of length n in N.

Proof. The lemma is true for n=m, from Lemma 3.21. Now let n<m. Let
N=N,® - Q Ny, V=V, ® --Q V, ,where N, acts on V,, the dimension of
V,isq(1sp<m)and Ny~ ---~N,_,~D if g=2 and j#3. Let M;=N, Q-
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QN,acton W=V, Q- ---Q V,,and let M;=N,,, Q---Q N, act on W,=
Vn+1 ® @ V. Let U:=92PL(W,‘)(MM)’ w= 1, 2.

Let St=<ay,...,a,y<M,, and for 1Spu<n<m let N,=<a,, b,, 3(N)> where
a, and b, are g xq matrices whose entries are gth-roots of 1 in F (this is possible
from (3.8) and (3.9), noting that N,~ D if g=2 and j#3). For each p, 1=u<n,
there is a base {», .}, | =v=gq, for V, such that g, fixes the points Fy, , (1=v=gq),
and the elements in this base are permuted transitively by b (Lemma 3.21). Hence
W, has a base {¢,}, 1 Sv<q", such that Fe, is a fixed point of S!. Moreover, the
fixed points of Si in V=W, ® W, are distributed in the set of subspaces {X,}
where X,=¢, ® W, for 1=Sv=qg"; and this set is permuted transitively by
RNy-(SL). Since S! is conjugate in U* to every other stabilizer subgroup J of N
of length n and type i from Lemma 3.18, it follows that every fixed point of J in
V occurs in an orbit with one of the points of X,.

LetT,={pointsx € X, : N,=S!}forl Sv=q";i.e.,xeT,ifandonlyif x=¢,Q y
for some point y € W, such that (M,),=3(N). Since Ny.(S:) permutes the set
{T,} (1 Sv=q") transitively, then the number of orbits under U* in which points
of |U T, occur is equal to the number of orbits in T; under Ny.(S) N U¥ =UF,
=(RNy(St))x, from Lemma 6.1 below. For let c € U* such that ¢(x)=x’, for x and
x' € Ty. Then ¢ € Ny.(SL), and since Ny.(SL) permutes the set of disjoint subspaces
{X,}, then c € Uy,.

To prove the Lemma 5.5, it is sufficient to prove the following lemma.

5.7 LEMMA. If ¢ € (R(SL))x, then c| X, € U¥.

Proof. With respect to the decomposition V'=X; ®---@® Xy, let

c_(c 0)
~\o D)

where C=c|X; and ¢ is a monomial semilinear matrix in g x g blocks since (S})
permutes the subspaces {X,}. Let

H 0
l®h=(0 *), for he M,.

Then ¢ € U* implies

B C O0\/H O\/C* O CHC* 0
chc1=(0 D)(O *)(0 D‘1)=(0 *)eM1®M2.

Hence there exists p € F such that u~!CHC~! e M,. Since p is an entry in a
matrix in My, then p?=1 (or p*=1if ¢g=2 and j=3), so ul € 3(M,) and CHC™*
€ M,. Since h was arbitrary in M,, therefore C € U¥ as required.

Note that R(S:)x, ¢ UF¥ @ UF. For example, let ¢>2, m=3, n=1, and let
M,=M,={a, b), as in (3.8). Let

h, = diag(1,a,4%...,a° ') and h,=diag (1, b, ..., b7 1).

Then

h:a®1—-a®l, bR®1->>bRa?!, 1RQa—>1Qa, 1Qb—>aQb,
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and
hy:a®@l—->a®1, bR1—=-bQRb™Y, 1Qa—a®@a, 193b—1RHb,

0 hy, hy € N(SH)x,, but hy, hy ¢ UF @ UF.

Also note that if g=2 then M, must be the same type as N. For example, let
g=2, N=N2(2™), r=1<m, and p*=1 (mod 4). Then S% is a stabilizer subgroup
of N. It is possible to imbed SZin M,~Q, so M;~D ®---QD has type 1. But
Q cannot be represented by matrices with entries +1 and 0. Hence, the proof of
Lemma 5.7 fails because u is not necessarily in 3(N), so CHC ™! is not necessarily
in M,.

Next, let H be a solvable subgroup of U*. Let W=N|3(N) and H,=H|Cy(W).
Then from Lemma 3.2 W is a 2m-dimensional vector space over GF(q), and H,
is a solvable irreducible group of linear transformations of W.

5.8 LEMMA. 1. |H,| | 8|Aut, (N)|/g?", where 8=1 if =2 and 8=k if 9> 2.
2. |H| | (k/8)(p*—1)g*"|H,].

Proof. Lemma 4.3.

Let A; be a maximal normal abelian subgroup of H;. We apply the analysis
of §2 to H, on W, in order to estimate |H,|. Three cases arise. In case 1, 4, is
irreducible, so that |H, | | 2m(q?™—1). In case 2, A4, is reducible and H, is vector
space imprimitive relative to some decomposition.of W, W=W, ®---® W,,
where (H,)w, is an irreducible group of semilinear transformations on the t,-
dimensional vector space W, over GF(q*), 1<i<r,, for k,t,r,=2m. Moreover,
H, permutes the subspaces {W;} transitively. In this case, | H, | | ri! |TL;,(g*1)|™:. In
case 3, A4, is reducible but H, is primitive. Let |4,| =p*: — 1, where k,|2m, so that
W is a t,-dimensional space over GF(g*:), where t,k;=2m. If €4,(4,)=A,; (case
3(a)), then |Hy| | ky(gs—1).

If €4,(4,)# A,, let M be a minimal nonabelian normal subgroup of H; con-
tained in €,,(4,). Since H, is primitive, either M is irreducible over GF(g*1), or
M reduces W to a sum of equivalent and hence faithful, irreducible subspaces.
In either case, M € $ and M satisfies the condition of Lemma 3.2, for some prime
P1, such that p,|g*s — 1. Moreover p,|t,, and pt | |H,|.

5.9 LEMMA. Let H be a solvable subgroup of U*, containing a normal irreducible
D-group N(q™). Let H,=H|C(W) act irreducibly on W= N|8(N). Then one of the
Sfollowing cases applies.

L |5, | 2m(g*m—1),

II. |H,| | ri! |[TL, (g")|", for kityry=2m, and r,> 1,
IIL. There exists a prime p, such that p|((g* — 1), t,), for kit,=2m; and p} | |H,|.
Note that 1 includes cases 1 and 3(a). Moreover, ky> 1 in 1l and 111 if g=2.

6. Case A (9>2, m=1). In this paragraph and the next, the cases A-D of
Corollary 5.4 will be analyzed. In fact, §§6 and 7 furnish the proof for Theorem 5.1.
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Let N=N(g™) €  be an irreducible linear group of length m acting on a vector
space V of dimension g™ over the field F= GF(p*), where q| p* — 1. Let U=Rg.1,(N)
and U*=Np,y,(N). Furtherlet N=N; Q- -Q Nyand V=V, Q- --Q V,, where
N; € © is an irreducible group of degree g acting on V; for 1<i<m. Let U;=
Rerwo(Ni), so that U; @ ---Q U,<U. Let 4 be the group of nonzero scalar
operators of V, so that A~ F*, Let 6 be the homomorphism from U* into I'L,,(q)
defined by the action of U* on N/8(N). Then 6(U)< Sp,.(q) and the kernel of 6
in U is (N, A> from Lemma 4.3. Further, let ¢ be the homomorphism from
I'L,.(q) onto PT'L,,(q), and let p=46.

The following permutation lemma will be helpful in the subsequent analysis.

6.1 LEMMA. Let & be a permutation group acting on a set S. Let G be a subgroup
of & which permutes the subset T<S. Let H be a normal subgroup of &. For fixed
xeT,letT,={yeT: H,=H,}. Finally, let J=RN(H,). Then:

1. the number of orbits in (T,)¢ under G is equal to the number of orbits in T,
under J.

2. |x¢|=|x'|-[G : J), and hence |T$|=|T.|[G : J]. In particular

3. if H=G, then the number of orbits under G in (T,)° is |T,|/[J : G,].

Proof. 1. Let {x,}, ..., {x,} be the disjoint orbits in T under G containing points
of T, (for fixed x). Let the x; € T,. The elements of {x;} in T, form suborbits
under J, for each i, since J=G. It is sufficient to prove that in each {x;}, only one
such suborbit exists. Le., if y € {x;}, y € T, show that y~x; under J. Now there
exists g € G such that g(x;)=y, and H,,=H,=H,, so g € R(H,)=J, as required.

2. |x%|=[G : G, ]=[G : J]IJ : G,]=|x'|[G : J], since H® implies G.<J and
hence G, =J,.

3. J/G, acts regularly on T,.

Case A: g>2, m=1. Let ¢g>1 and m=1. The following is a specific repre-
sentation of U* (unique up to conjugacy in I'L(V')), with respect to a basis B=
{e1, ..., ¢4 for V. Let A € F be such that A?=1, and A#1. Define a, b, c, d, f, and
g to be g xq matrices acting as left operators on V with respect to the base B, as
follows (let a matrix m have entries my;, 1<i, j<q; let ;=1 if i=j (mod gq),
otherwise let 8;;=0).

(6.2) a; = 8N by =811 ;= A8y dy = 8,

where d;=X0-D@+i-DI2 5o that d;=d, if and only if i=j or i=q—j+2, for 1 =i,
JEq; fyy=A9"09"D0 g =8 1ye1.5 SO that (g9);=8;_1yw41,5, Where ¢ is a fixed
primitive (q— 1)th-root of unity (mod ¢). Finally, let ¢ be the semilinear trans-
formation of V defined by o: (x4, ..., x5 = (x%, ..., x5).

From the definitions (6.2), the following relations hold.

(6.3) A =b=c"=d =] gi-l=] f2=qgaDm2

so f*=g%l € A; o*=1. Further, ba=abc, dad=*=a, dbd~*=a"'bc~*V%; gag~?
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=at, gbg~1=b'""; faf *=b, fbf *=a"'; and sac~'=a?, oho~1=b. In particular,
note that if g*#1 for some u, then

(6.4 RNu(KgH) NN < 4,

and hence {g*) is conjugate to <{a'b’g*) under N, for 1=<i, j<q.
Let N={a, b, c), where {c)=3(N)< A. With respect to the basis (10)=<a) and
(01)=<b> of NJ/A, it follows that

(6.5 6(d) = ((1) "i) 6(f) = ((1’ —(1)), 6(g) = (; ?_1) and 0(o) = ((’)’ (1))

Hence, U={a, b, d, f, g, A and (U, o)>=U*. Since m=1, then Sp,(q)=SLy(q).
Note that p(U*)=PSLy(q) or PGLy(q) according as p is or is not a square (mod q),
respectively. In addition, 8(U*) contains the scalars (mod q) generated by {1/p, — 1},
or by {p, —1}, respectively. Since g?~*=1, let §=g9"2'2, Then ()= —1 is the
unique element of order 2 in SLy(q).

The following information concerning U is helpful:

(6.6) bldb=t = i@+Diz+id+DI2gig  and  (bid) = \Dg-HI-Di2piigs,
for 1 =i, j<q, where
L) = —3(G-Di—1)+2i%(— DEj-D]/12.

Hence (b'd) has order g, except in the case ¢g=3 and i=1 or 2, in which case (b'd)
has order 9. In addition, gidg~!=d*", so that §d=dg, (where §=g@~1/2),

6.7 LEMMA. Let x€ U and y € N fix a point v € V. Then p(x) fixes the projective
point {y>. '

Proof. N is irreducible.

The subgroups U*> U> (N, A)> A are all normal in U*, so it is natural to ask
what splitting occurs in this chain.

6.8 LEMMA. 1. The group U|A splits over (N, A>|A, with complement K|A, where
K=<, f, g, A). Any two complements of {N, A>|A are conjugate.

2. K={d, f, g, A splits over A if and only if g=—1 (mod 4) or p=2. In fact,
let K={d, eg, Bf, where B=(trace (d~1))~* and e=+1 as q= +1 (mod 4), re-
spectively. Then K=KA and KN\ A={—¢).

Proof. 1. It is sufficient to note that K normalizes § =g -2 and to use Lemma
4.1. If K is another complement of N (mod A), then K/4~SL,(q), and hence K
contains a normal involution of the form xg, for x € (N, 4, since 6(§)=—1
€ SLy(g). Therefore, K=9,({xg)) is conjugate to K since {xg) is conjugate to ($>.

A similar proof shows that R¢,,,(N)/4 splits for N=N(q™) € 9, if ¢>2.

2. SLy(q) can be generated by three elements, S, V, T, subject to the relations
Si=1, V-1SV=8%, V@-D2=T2=(ST)®=(TV)?=2z, with the extra relation
(StTV)*=z when g=1 (mod 4), where z2=1 and <{z) is the center of {(S, ¥, T>
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[5, p. 95]. Moreover, 6(d~1), 6(g~*) and 8(f) satisfy these relations for .S, ¥, and
T, respectively, with z=60(g). Therefore, K={d, f, g, A) splits over A if and only
if there exist elements a,, a,, as, and a, in GF(p*) such that S=a,d"*, V=a,g7 1,
T=a,f, and z=a,$ satisfy the above relations. However, gd~1g~'=(d~!)** and

f2=(fg~Y)?=qg. In addition, (d~f)3=4yg, so

a-1

y=ldYPha= D AP =g > X2 =g trace (d°Y).
0=4,jSq~1 i=0

Similarly, (d-!fg~*)3=q-trace (d*)-§. Therefore, a,, ..., a, must satisfy: af=1,

a,=at® (and hence a,=1 if ¢>3, from the definition of ), a§f ~ /2 =a2q=aZa?q

=adq-trace (d"Y)=a,, and (a.a;)%q-trace (d*)=a, if p*=1 (mod 4). Hence, a;

=(trace (d~))~* and a3 =a%=1. Moreover by computation

(trace (d%)* = («:—1 /\'”2’2)2 = > AR
j=o 0= k=a-1
From [7, Theorem 64, p. 46], with e= +1 as g= +1 (mod 4), respectively, the
number of solutions (j, k) in GF(q) for the equation —i(j2+k?%)/2=x is g—e or
q+(g—1)e as x#0 or x=0, respectively. Thus, (trace (d'))®=ge (for 0<i<g),
since (1+A+---+A2"1)=0.

Returning to the a’s, it follows that a,=e¢, aZ=1 and so a;=¢. Hence for these
values of ay,...,as, S, V, and T generate SLy(q) if g=—1 (mod 4), since z=¢§
centralizes S, ¥, and T. However, if g=1 (mod 4) and p#2 then e=1, and the extra
relation (S!TV)*=z is not satisfied, since (a.a5)%q tr (d%)=tr (d¥)/tr (d~1). The
equation i2/2= —j?%/2 has g+(qg—1)(—1)=1 solution (namely i=;=0) in GF(q)
from [7, p. 46], since —¢ is a nonsquare. It follows that trace (d~!)= —trace (d°).
Therefore, K does not split over 4 if g=1 (mod 4) and p#2 but (S, V,T)> N 4
=(=1D>.

In the following paragraphs, various stabilizer subgroups of U for points (i.e.,
one-dimensional suspaces) of V are determined, and the corresponding orbital
structure is discussed. In the remainder of §6 and in §7, all groups will be understood
to be factor groups (mod 4), and group elements will be cosets (mod 4). As usual
points denote 1-spaces of V.

1. Let J=<{a), (i.e., J={a, Ay[A). Then J fixes exactly the points of the base
B={ey,..., &, (i.e., J fixes the 1-spaces Fe,,..., Fe;). Let J;=<a'h’). Then J; is
conjugate to J in U (for J and J; correspond to points of the projective line on
which p(U)=PSL,(q) operates transitively), and so J; fixes exactly g points.
Moreover, if J#J;, then J and J, fix no point in common since N=<{J, J;) is
irreducible. Hence, there are g(gq+1) points which have nontrivial stabilizer sub-
groups in N. Since b permutes {e;, . . ., &,} transitively, these g(g+1) points lie in
one orbit under U. The stabilizer of one such point, say e,, is U, =<a, d, g>.

2. The fixed points of <d) are ¢, and the points of the (g—1)/2 two-dimensional
spaces <&;, eg_i4 20, fori=2,3,..., (¢+1)/2.
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6.9 LEMMA. Let J={d, g*>, where u|lq—1 but u#q—1. Then J fixes only the points
e, except in case u=(q—1)/2, ie., gt=g. In this case, J fixes the additional
(2, p—1)(g—1)/2 points e, £ &gy 5, for i=2,...,(q+1)/2.

Pl'OOf. Suppose gu ﬁXCS U=V1€‘+V26q_1+2, fOI‘ Vi, Vo € F. Since gu=(8((_1)t"+ 1’1)
#1, g* has no nonzero diagonal terms except the first. Hence it follows that
v, = +v, and that g* interchanges the two components of v, i.e., that

(8%q-1+2 = Sq-nrr1,0-142 70 and  (g%)g-142,1 = dq-1+ #4114 # O.

These conditions imply that (i—1)(#*+1)=0 (mod g). Since i—1%0 (mod g), it
follows that t*= —1 (mod ¢) and hence u=(gq—1)/2.

6.10 CorROLLARY. Let K={d, g, f>. Then K fixes a point of V if and only if q=3.
If =3, then K fixes exactly the point v=e,—ez. Moreover, K=U, and |vY|=9.

Proof. If ¢ >3, then g#¢ and hence <{d, g) fixes only ¢;. But &, is not fixed by f,
and hence not by K. If g=3, then <{d, g) fixes &; and e, + 3. Of these, f fixes only
v=e,—¢e3. Moreover, K= U, since any subgroup of U which properly contains K
also contains N, and N is irreducible.

6.11 CorROLLARY. 1. Let g> 3. Then the group {d, §) is the stabilizer subgroup for
the points e +e4_y,0, 25i<(q+1)/2. These points occur in (2,p—1) orbits of
length q%(q*—1)/2.

2. Let g=3. Then the group {d, g> is the stabilizer subgroup for the point e,+ ¢,
if and only if p#2. If p#2, then e+ &5 occurs in an orbit of length 36.

Proof. Let x € {e; +¢,_, 2}, for 25i<(q+1)/2, and let J="U,. Then J2{d, g).
Since p({d, g>) is the maximal subgroup of PSL,(q) containing p(d), then p(J)=<d)
from Lemma 6.9. Suppose J N N=<{a'b’) for some i, j. Then <{a'b’>=<{a) from
(6.5). Therefore, U,=<d, §>, except in the case g=3. In this case, U,=K, for
v=e,—e3. To complete the proof, note that Ny({d, £>)={d, g>.

3. Next we determine the points x for which U,=<{d)>. We have considered the
stabilizer conjugacy classes containing K=<d, f, g>, a, d, g>, and {d, §>. Note that
q groups from each of these classes contain {d, namely the conjugates under <{a).
The only other possibilities for stabilizer subgroups containing <{d) are the groups
J=<d, a'b’g*>, for some integers i, j, u, with u#0. If j#0, then the commutator
[d, (a'b’g¥)~1]=a"*d*~* (mod A) implies a € J, so that J={a, d, g). If j=0, then
J is conjugate to <{d, g*> under {a), and hence J fixes some point only if g*=g.

If g=3, then (1) and (2) above account for 3+3(2, p—1) fixed points of {d),
whose stabilizers are conjugate to K, <{a, d, g>, or {d, §>. The remaining p*+2—
(3+3(2, p—1))=p*—1-3(2, p—1) fixed points of {d> must have (d) as stabilizer.
These points occur in [p*—1-3(2,p—1)]/6 orbits of length 72, since
[Ru((d)) : <d>]=6. This proves the first part of the following lemma.
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6.12 LEMMA. The following tables summarize the structure of the orbits under U
which contain fixed points of {d.

qg=3 U, |xY| number of orbits
K=4<d/f g 9 1
NEKd)) = <a, d, g> 12 1
<d, &> 36y* ¥
d> 72 [P*—1-3(2,p—-1)]/6
*y=@2,p—1)—1,s0 y=1ifp#2,and y=0if p=2.
g>3 U. |xY| number of orbits
N(d)) =<a, d, g q(g+1) 1
Kd> q*(g*—1) [p*—1-q(2, p—1)]/2q

Proof. The proof for ¢>3 is similar to that for g=3. As above, the possible
choices for U, which contain d are {d), {d, g, <a, d, g), and their conjugates.
The groups {d, §) and <a, d, g) are stabilizer groups from 1 and 2. They and their
conjugates account for g+ (2, p—1)g(¢—1)/2 of the fixed points of {(d)>. The
remaining points have {(d) as stabilizer.

6.13 COROLLARY. 1. If U, 2<{d), then xV" =xV.
2. The points x for which U,=<{d) occur in at least [p*—1—q(2, p—1)]/2kq
orbits under U*.

Proof. The element o fixes the points &; and ¢ +¢,_;, 4, for i<2=(g+1)/2, for
which the stabilizers in U are <a, d, b) and <{d, &> (or K if g=3), respectively.

Let v=e,+v'e, for v a primitive root of F, satisfy U,={d>. Then a’: v —
go+VIA"2e,, (g>[(£> sends v into the (q—1)/2 fixed 2-spaces of <d), and g:v —
ey +v~1e,. Hence the orbits with {d) as stabilizer are in one-to-one correspondence
with the classes {i, —i} (mod (p*—1)/q), for 1 £i<[p*—1—¢(2, p—1)]/2q, under the
mapping ¢: (e;+vieg) = {i’, —i’}, where i’=i (mod (p*—1)/q). The element o
permutes these classes, o: {i, —i} — {pi, —pi} (mod (p*—1)/q), and ¢ performs the
corresponding permutation of the orbits having {d) as stabilizer.

4. Having determined the stabilizers for the fixed points of {(d) and its conjugates,
including <{a'd) for 1 <i<gq, we now investigate the fixed points of the remaining
elements, a'b’d with j#0, of dN.

6.14 LEMMA. Let J=<bd)>. Then Ry(J)=<a, bd, xg*), where r=(q—1)/(3,q—1)
and x is some element in {b).

6.15 CorROLLARY. 1. The subgroups {a'b’dy, for 1<i, j<q, form 1+(3,q—1)
conjugacy classes under U, with representatives {d), and {b""d>, for j=1, 2, 3.
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2. Groups {b?"dy for j=1, 2, 3, are conjugate in U* (under o), unless 3|qg—1 and
q|p~Y3—1, in which case these groups represent three distinct classes.

Proof of Lemma 6.14. N,(J)<={a, b, g, d), and Ny(J) N N=<{a) from (6.5).
Hence Ny(J)=<a, bd, xg*) for some x € (b) and some integer =. From the re-
lations satisfied by b, d, and g, big’(bd)g b~ i=b'**""d*”b-1=a"*"b"'d*”, On the
other hand, (bd)*” =a -t -V2p¥dt¥ 5o that b'g’ € Ny(J), if and only if 3j=0
(mod g—1) and i= — (¢ —1)/2 (mod q). Hence in the above description of Ry (J),
r=(¢-1)/3,q9-1).

Proof of Corollary 6.15. The subgroups <a'd), for 1 £i<gq, form one conjugacy
class in U, and the remaining subgroups form (3, g—1) classes, as in the proof of
Lemma 6.14. If 3|g—1, then it is easily checked that the groups <b"'d), j=1, 2, 3
are not conjugate under <b, g>, and hence represent distinct classes in U.

2. Exactly as in Lemma 6.14, big/o" € R(J) for some i, j and r if and only if
p =13 (mod g) for some u. Clearly solutions for i and j exist if 3|r. If 3]g—1 and
if p@~VB=1 (mod q), then big’c € N(J) for some i and j, and hence the three classes
represented by (b*'d), j=1, 2, 3, are preserved by U*. Otherwise, these classes
collapse to one class under U*.

6.16 LEMMA. Let J=<bd). Then: 1. J fixes q points, unless q=3 and 9p*—1, in
which case J fixes no points.

2. If J has fixed points, then these fixed points lie in one orbit of length
q%(q%2—1)/(3, g—1) under U.

3. The fixed points of the groups {b'd), 1 £i<q, occur in the following number of
orbits under U*:

(i) no orbits if g=3 and 9tp*—1;
(ii) at least 3 orbits if 3|g—1 and q|p@~ VP —1;
(iii) otherwise, one orbit.

Pl‘oof. 1. Let x=z:’=1 xi€i¢0 in Vl and let y=bd(x)=z;’=1 xi+1611+18i. Then
y=px for some p in F if and only if

6.17) pX; = Xig1dip, forl £i=g.

There exist solutions for (6.17), namely

i+1

(6.18) Xpp=p [ [dix, forl <i<g andx =1,
ji=2

if and only if p9=T]¢., d;. From (4.2),

a (a+1)/2
| | d; = I ] A2U-D@+i=Di2 = )
i=2 ji=2

for r=q(q%—1)/24. If g3, then r=0 (mod ¢), and (6.18) defines the g fixed points
of <bd>, for p € (A>. If g=3, then r=1 (mod 3), and hence (6.18) defines the 0 or
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3 fixed points of {bd), as u®=2X has no solutions, or 3 solutions, respectively, for
pin F.

2. Now suppose {bd) has q fixed points, one of which is x. Then U, is conjugate
to <bd, xg*>. First, U, N N< A, since {a) permutes the g fixed points of <{bd)
transitively, and from Lemma 6.7. Next, {bd) is contained in no complement K
of N; for if so, then K is conjugate to K={d, f, g>, and hence <bd) is conjugate to
{d», which is false. Finally, U,<=R({bd>) since N(p<{d>) is the unique maximal
proper subgroup of PSL,(q) containing p(d). Hence U, is conjugate to <{bd, xg*>
under <a). It follows that the fixed points of (bd) lie in one orbit of length
7*(¢*—1D)/(3,g-1).

3. If 3|g—1, then (b'd)?=1, for 1<i<q from (6.6). Hence each group <{b'd) is
completely reducible, and so fixes at least ¢ points of V. Further, the fixed points
of each conjugacy class of these groups contribute at least one orbit under U*.
The number of classes under U* is determined in Corollary (6.15).

5. Now consider stabilizers of the fixed points of {(g> and {g>, where g=
g<q—1)/2.

6.19 LEMMA. 1. The group {g)> fixes the points of the two-dimensional space
W,={e, ea+ - - - +e,0, and the following additional points: v=7J7_, vie;, for vyt 1 =p!,
15i<q—1, where p*~*=1 and p#1.

2. The group {g) fixes the points of the (q+ 1)/2-dimensional space

(e, g1t g1 2 1 S 15 (g—1)[2).
And if p#2, then {g) fixes the points of the (q— 1)/2-dimensional subspace

Ceip1—eq-i41: 1 212 (g—1)[2).
Proof. From the definitions (6.2).

6.20 LEMMA. The group {f fixes exactly (2, p—1) or 0 of the fixed points of g in
Wi={ey, eg+ - - - +&,p, as q is or is not a square in F, respectively.

Proof. Let x=v,e,+v, 5% &, for v, and v, € F. Then f:x—y, where y=
(v1+(g—Dvo)es + (v —v5) X% &. Since f fixes no points of <a) or of <b) from (6.5)
and Lemma 6.7, then v,#0, and v,#v,. Let v,=1. Then f fixes x if and only if
viva=v;=(+(q—1))/(v,—1), if and only if v}—2»;—(¢—1)=0 in F. If p=2,
then v, =0 is the unique solution. If p#2, then from the quadratic formula there
exist 2 or 0 solutions as g is or is not, a square in F. If solutions exist, they are
vy=14q%2

6.21 LEMMA. Let q=3. If 3 is a square in F and if p#2, then {f) is the stabilizer
subgroup in U for exactly two points of V and these two points occur in one orbit
of length 54. Otherwise, {f is the stabilizer for no point of V.

Proof. From Corollary 6.10, {f> always fixes x=e,—¢3, if g=3, and U,=K.
If p=2, then f fixes no further points of V.
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If p#2, then from Lemma 6.20, f fixes 2 or 0 additional points, as 3 is or is not
a square in F, respectively. If 3 is a square, let x; and x, be the two additional fixed
points. Then U,, N N=1, for i=1, or 2 from Lemma (6.7). Moreover, f2=g
implies U,, Z K, so either U,,={f), or |U,,|=8, for i=1 and 2. The latter case is
impossible, because N(U.,)/U,, must act nontrivially on the set {x;, xo}. Hence
U,,=U,,={f. Further, R,({f?) has order 8, and hence interchanges x; and x,.
Therefore, x; and x, occur in one orbit of length 54.

Since R(f)) N N=A, <f) is conjugate to every subgroup of order 4 in U.
Hence, no subgroup of order 8 is a stabilizer subgroup. Therefore, in the case g=3,
the only stabilizer subgroups J such that 4 | |J], are {f), K, and their conjugates.

6.22 LEMMA. Let g> 11. If x is fixed by g, then either U,={g), U,={f, g>, or
U, is conjugate to <{a,d, g).

Proof. Since ¢> 11, the maximal subgroups of PSL,(q) which contain p(g) are
{f,g>*and {d, g>*. If g< 11, then p(g) may be contained in subgroups isomorphic
to A4, 24, Or As, the alternating and symmetric groups.

Hence, in addition to the groups mentioned in the lemma, only groups of the
form J,=<a'b’d, g> and J,=<a'b’f, g>, for 1<i, j<q, need be considered. It is
easily checked from (6.2)-(6.6) that either J, " N#1 and so J, is conjugate to
{a, d, g>, for v=1 and 2, or that J,={f, g>.

6.23 LEMMA. Let g>11. The following table summarizes the orbital structure
under U of the fixed points of {g) which lie in V., the unique two-dimensional sub-
space of fixed points of g.

U, |xY] number of orbits
q> 11 {a,d, g> q(g+1) 1
fg 7n-q%(q+1)/2* 7(2, p—1)*
{g> q%(g+1) [P*—1—2(2, p—1)]2

* n=1ifq is a square in F, n=0 otherwise.

6.24 CoROLLARY. 1. Let {f, g)> be a stabilizer subgroup and p+#2. Then ¢ com-
bines the 2 orbits for which {f, g) is the stabilizer into one orbit, if and only if

V4 ¢ GF(p).
2. There exist at least [p*—1—(2, p—1))2k orbits in U* with stabilizer {g>.

Proof of Lemma 6.23. Of the fixed points of g, one each is fixed by <a) and {b),
and 7(2, p—1) are fixed by /. The remaining fixed points are permuted in orbits
of length 2 by Ry(<g>)=<g, />

Proof of Corollary 6.24. 1. Let x;=(1+(—1)'g"?)e; +>%., ¢;, for i=1 and 2, be
the points fixed by (f, g>, as in Lemma 6.20. Then (1 +(—1)g*?)?=1+4(—1)'g?'?,
and g”?= +¢*/2 according as ¢q*% € GF(p) or q* ¢ GF(p), respectively. Hence o
fixes or interchanges x; and x,, respectively, in these two cases.
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2. At worst, o permutes the orbits with stabilizer {g) in cycles of length k.

Next, if ¢>3, Lemma 6.1 is used to estimate the number of orbits among the
fixed points of {g> which have not been accounted for above. In Lemma 6.1, let
G=K, let H=(N, &>, and let T be the set of fixed points of . Let |T|=r,. Then

pk(q+1)/2_ 1 pk(q—l)/2_ 1

(6.25) ro= 71 + vy =1

from Lemma 6.19, where y=(2, p—1)— 1. Of these r, points, r,=q+1 are fixed
by the g+ 1 conjugates of <a), and r;=(2, p—1)(¢2—1)/2 additional points are
fixed by the g+ 1 conjugates (in K) of {d>. The fixed points of {bd) are not fixed
by g, 1 £i<q. However, if ¢> 11 then Lemmas 6.22 and 6.23 account for the p*— 1
additional points in the two-dimensional space W, of fixed points of g. Thus the
q(g+1)/2 conjugates of {(g) in K account for r,=(p*—1)q(q+1)/2 additional
points. Thus r fixed points of {(g)> have not been accounted for, where r=
ri—(ra+ry) if 3<q=11,and r=r,—(ro+rz+ry) if g>11.

6.26 LEMMA. Let q> 3. Then the r fixed points of § which have not been considered
in the previous lemmas, occur in at least

2pk(q -1)/2

L5 Qpa-92 5 Dgka-9i2
kq(g*—1)

orbits under U*.

Proof. If x is one of the r remaining fixed points of (g, then U, < K. For other-
wise, U, N N#1, and x is one of the r, excluded points. Hence, the number of
orbits in which these r points occur under U is determined by K. Since at least g
fixes each point, it follows that these points occur in at least 2r/|K|=2r/q(q*—1)
orbits under U, and at least 2r/kq(q%— 1) orbits under U*. It is now sufficient to
show that:

6.27) P2 = potrg+r, ifg > 11,
or
(6.28) P2 = rotry if3 <qg =11

For g>11, ry+rs+r,s(g+1D)+(¢>— D)+ (p*—Dg(g+1)/2=g(g+ 1)(p*+1)/2
<p®, Since g>11, p*e=3125 p3k g0 (6.27) is proved.

If 3<g<11, then ry+rz;<q(qg+1); moreover, p*a-32>4(g+1), and hence
(6.28)is proved, ifg=7 or 11. If g=35, then r,+r3=6+(2, p—1)12, and p*@~32=pk,
In this case, p* > 16 implies (6.28), but (6.28) is false for p*=11 or 16. However, the
lemma is still true even if (6.28) is false, as follows.

If g=5 and p*=11 or 16, then the lemma states that the r remaining fixed points
of (&> occur in at least 3 or 2 orbits, respectively, under U*. The original estimate
of at least 2r/kq(q®— 1) orbits is sufficient to prove the lemma if p*= 16, but not if
p¥=11. If p¥=11, then since 5 is a square (mod 11), Lemma 6.20 implies that
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there exist three fixed points of {g) in V', x; for i=1, 2, 3, such that {f, g>< U,,
NnU,, but {f,g>¢U,, and such that U, N N=4 (i=1, 2, 3). This last fact
implies that U, =K, (i=1, 2, 3), since K=RNy({£>).

Suppose that K, is isomorphic to K,,. Then K,  contains a subgroup J of
order 8 which contains (g, and hence J={f, g>=RNy({g)), which is false. There-
fore, x, and x;, and similarly x, and xg, occur in distinct orbits. Finally, suppose
x; and x, occur in the same orbit. Since {f, g><K,,, then K, =K, and |K, |=8
or 24. In either case, Ry(K,,) = K,,, yet R(K,,) must interchange x, and x,, which
is impossible. Therefore, x;, x5, and x; occur in three distinct orbits under U.

6. Finally, let us consider the points which are fixed by none of the stabilizer
subgroups discussed above.

6.29 LEMMA. Let g>3. Then the s points of V which are fixed by none of the
groups {a), {d), {bd), {g) or their conjugates occur in at least

(6.30) PO Dkgs > pFa=D 5 ga-7

orbits under U*, except in the case q=5 and p*=11. In this case, the s points of V
Sform at least 4 orbits under U*.

Proof. Let s=(p**—1)/(p*—1)—s,, where s; is the number of points fixed by
{a), {bd>, {g>, and their conjugates. From Lemma 6.1, these s, points consist of
the following: (1) g(g + 1) points with stabilizer conjugateto<a, d, g>;(2)r;—(g+1)
points fixed by {(g> but not by any element of N (where r, is the number of points
fixed by g, as in Lemma 6.26); hence ¢%(r, — (g + 1)) points in addition to those of
(1), fixed by one of the g% conjugates of (g >; (3) similarly,

[p*—1-4(2, p—Dla(g*—1)/2
points having as stabilizer one of the g(¢g+ 1) conjugates of <d) (see Lemma 6.12);
(4) finally, ¢%(¢%—1)/(3, ¢— 1) points with stabilizer conjugate to <bd).

Hence

51 =q(g+ 1) +g%(ri—(g+ 1) +[p*—1-42, p— Dla(q>—1)/2
+4%(g*—DI3,q9—1) = 9(¢*— DIp*+9—-312+¢°r, = p* +¢°r1.
First assume ¢=7. Then (6.31) and (6.25) imply

s = (PH-D(pF-1)—s;
; pk(q— 1) +pk(q— 1)/2(pk(q -3)/2 _q2)

(6.31)

pra-viz_ |

(6.32) + (—(‘I‘)Tl)—)(l’km—m/z_q%z, p—1))—p**

(@-1)/2
— pk@-1 4k ki
= PV —ptt S apt,
i=0
where

Aq-1y2 = Pk(q—S)/2_q2 and a; = pk(4—3)l2_q2(2,p_1)’
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for 0<j<(g—1)/2. Since |U*|=kq®*(g>—1)<kq®, in order to prove (6.30), it is
sufficient to show that s=p*¥@~D, From (6.32), it is sufficient to prove that a;=0,
for 0<i<(q—1)/2, and that a;=p* (this takes care of the term (—p*¥)). Since
Qq-1y22ao, and a;=a, for 0= j<(g—1)/2, it is sufficient to prove that a,—p* =0,
i.e., that

(6.33) PRI, p—1)=p* 2 0.

This is clear for ¢>7, since g<p*. If g=7, first let p*=8. Then (6.33) becomes:
82—72—82=0. Next, if p* £ 8, then p* > 4g,and (6.33) becomes: p*(p*— 1) —¢%(2,p— 1)
= 16¢g%—24%>0 as required.

Finally, let g=5. Returning to (6.31), s; <60(p* +2) +25(p%* + (2, p— )(p* + 1))
<25p%*+110p*+170. It is easily checked that s=p** for p*=31, as required. If
p¥=11, then s=12,000 and s/kq®(q2—1)=4. If p*=16, then s=(165—1)/(16 —1)—s;
>15-16°. Hence, s/kq*(q>2—1)=s/4-5%-24>15-16%/15-16-50=256/50> 5, as re-
quired.

6.34 THEOREM. Let q=3, m=1. The following table summarizes the orbital
structure under U.

Length of
p=2 Stabilizer Number of Orbits orbits
{a, d, g> 1 12
K=<{gdf) 1 9
) (p*—4)/6 72
<{bd> v* T2v*
<& (P*—4)/12 108
1 (p?* —20p* + 64 —72v)/216 216
*y=1if9|p*—1, »=0 if 9p*—1.
Length of
p#2 Stabilizer Number of Orbits orbits
a,d, g> 1 12
K=<gf 1 9
g d> 1 36
d> (P*=7)6 72
<bd> v T20*
D Th* 547**
{(g> (p*—T7-67)/12 108
| (p?*—20p*+91—72v)/216 216

*v=1if9|p*—1,v=0if 9tp*—1; **r=10r0as 3 is or is not a square

in F, respectively.
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Proof. Since g=3, then g=g. The information about the stabilizers <a, d, g),
K=<, g, [, {d, g>, {d), {bd), and {f) comes from Lemmas 6.12, 6.16, and
6.21. As in the proof of Lemma 6.26, of the p*+(2, p—1) fixed points of {g>,
g+ 1=4 have stabilizers conjugate (in K) to <a, d, g>; similarly, 1 point for K,
4((2, p—1)—1) points for {d, g>, and 6+ points for {(f) (if p#2). From the proof
of Lemma 6.21, no subgroup of U of order 8 is a stabilizer subgroup, since g=3.
Hence the remaining (p*—1-3(2, p—1)-—67) fixed points of {(g> have {g) as
stabilizer. These points are permuted in orbits of length 12 by K=R({g>). Finally,
the remaining points of ¥ have stabilizer 1, and occur in orbits of length |U|=216.

Incidentally, if p#2, then r=1 if and only if either k is even or p=1 or 11
(mod 12) (e.g., [16, (5-4), p. 69]).

6.35 COROLLARY. Let q=3 and m=1. The following table summarizes the orbital
structure of U*, for p* < 61. The table includes all cases for which U* has less than
20 orbits.

g=3m=1.
D* 4 7 13 16 19 25 31 37 43 49 61 64 67
number of
orbits under
U*U) 23 5 45 7 89 11 15 17 15*21) 29 11*@31) 33

* indicates the lower estimates for the number of orbits under U*.

Proof. The number of orbits under U and U* differ in case k> 1, due to the
action of ¢. The figures in the table are exact, except for p*=49 and 64, in which
case the estimates for r*(U*) are calculated as follows. E.g., if p*=64, then the
orbital structure under U is as follows:

number of orbits 1 1 10 1 5 13 total 31

stabilizer la,d,g> K d) <bdy <(g> 1

Since k=6, the points with stabilizer (d), in U occur in at least 3 orbits under
U* (the smallest partition of 10 into a sum of terms each of which divides 6 has
3 terms). Similarly, the points with stabilizer {g) or 1 in U occur in at least 2 orbits
or 3 orbits under U*, respectively. Hence, U* has at least 11 orbits.

Finally, if p*> 67, the number of orbits under U* is at least

A A A
28.33.k = k 28.33
Since 3|(p*—1) and p*>64, then p*/k=28/8=25; hence, p?/33.8.-k=4p*|35.
Moreover, 4p*[33>20 if p*>3%.5=135. If 67 <p*<135 and 3|p*—1, then k=1.
In this case, r*(U*) > p?*/23. 33> 20, since p*=73.

2k
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6.36 THEOREM. Let ¢>3 and m=1 and let H be a solvable subgroup of U*. The
Sfollowing table lists lower estimates for r*(U*) and r*(H), in the cases q=35 and
pE=110r 16, and q=" and p*=8. In all other cases r*(U*) =200 and r*(H) = 600.

Case g=>5,pk=11 | g=5,p"=16 | ¢q=7, p*=8 all other cases

reU*) 2 12 12 11 200
r*(H) 2 19 20 26 600

Proof. The information in the special cases for U* follow from Lemmas 6.12,
6.16, 6.26, and 6.29. In these cases, by the estimate of Lemma 6.29, there exist at
least p*(q— 1)/kq® orbits under U*. Forg=11, p**~Y/kg®>q*>10* Forg=7 and
pr=29, pFa-Ylkq® = p%[7°>4%=2'° Finally if g=5, let p*= 31 but p*#81. Then
p¥lk = minimum (28/8, 31/1)=31, and p*“~Y/kq® > 31%/5% > (30/5)3 =216. If p* =81,
then p*¥@-Y/kg® > 80%/4.55=214/5> 21,

To estimate r*(H), we refine the estimates of r*(U*) contained in Lemmas
6.12, 6.16, 6.26, and 6.29. As above, Lemmas 6.12 and 6.16 account for at least
4, 4, 3 orbits in the estimate of r*(H) for the three special cases of the table,
respectively. Next replace the estimate of Lemma 6.29, s/k -¢3(q%— 1), by the estimate
slkq® H,|, where

I: |H,] | 2(g2=1), IT: |H,| | 2(g—1)? 1II: |H,| | 48, from Lemma 5.8 (in case
III, M~ Q, the group of quaternions, and H; SNg.,0(0Q)). Hence, |H,| £2(¢%2-1).
For the 3 cases in the table, s=12,000, s=15-16%, and s= 8%, respectively, and
s[2kq?*(g%2—1) 2 10, 13, 19, respectively.

A similar improvement results from replacing the estimate 2r/|K| of Lemma 6.26
by 2r/|H,| Z r[k(g*—1) (note that § € H, if H, is maximal, hence the extra factor 2).
For the 3 cases of the table, r, =145, 273, 585; r,=6, 6, 8; ry=24, 12, 24; r=115,
255, 553; and hence the r points occur in at least 5, 3, 4 orbits, respectively.

Finally, the entries in the table are the sums of the above estimates.

For the remaining cases, not listed in the table, r*(H)=p*“~Y/2kq* implies
r*(H) = 600.

6.37 THEOREM. Let ¢>2 and m=1, and let H be a solvable subgroup of U*. Then
r*(U*)<10 only if q=3 and p*<25; and r*(H)<20 only if ¢=3 and p*<64, or
g=>5 and p* < 16.

7. Case B (¢=3, m=2). Let ¢g=3, and m=2, so that N=N(32%), acting on V
of dimension 9 over F. Let V=V, @ V, and let B, be a basis for V; (i=1, 2), where
B, ={ey, &5, ea} and By ={1, 12, ns}. Further, let B={¢; @ 7,}, 1 =i, j<3, be a basis
for V. Let N=N; ® N,, where N, is represented on V; with respect to B; by N,
={a, b, ¢), as defined in (6.2) above, for i=1, 2. Similarly, let U,=<{N,, d, f, g),
i=1,2. For xe<a,b,c,d,f,g>, let x;=x® | and x,=1 Q x in U=N¢,v,(N).
Let g*=g,-g,=8 ® g, recalling that g=g since g=3. To simplify the notation,
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we drop the * and denote g* simply by g. Finally, let L=(N, g)>. We continue to
assume that the groups under discussion are factor groups (mod 4), and we neglect
the distinction between a point v=Fe in V and the generating element ¢ of V.

If xe N, then gxg~'=x"' (mod A4), so that 6(g)=—1 in Sp(4, 3). Hence,
L={N, g» is normal in U, and {g) is normal in U/N~ Sp(4, 3). Let K=RNy,({g>).
Then KN N=1 (mod A4) and hence K is a complement for N in U (mod A4), so
that K~ Sp(4, 3). In this section, Lemma 6.1 is applied to L in order to exhibit at
least four orbits which have nontrivial stabilizers in L.

7.1 LeMMA. The fixed points of g comprise the five-dimensional space (with respect
to B) spanned by

(100) ® (100), (100) ® (011), (011) ® (100), (010) ® (010)+(001) & (0O1),
(010) ® (001)+(001) ® (010);

and, if p#2, the four-dimensional space spanned by

(100) ® (01—1), (01—1)® (100), (010) ® (010)—(001) & (001),
(010) ® (001)—(001) & (010).

7.2 LeMMA. (1) There exists one point, x=(100) ® (100), in V such that L,
=< Ry, 87, for Ry={a,, ay).

(2) There exist (p*—4+(2,p—1)) points x in V such that L,=<{R,, g)>, for
R, =<a;). These points occur in s—1 orbits under U, where s is the number of orbits
in V, among the fixed points of g, under U..

(3) Letv=(01—-1) ® (01 —1) € V. Then L,={g), and |v¥| =45, for K=Ny({g>).

(4) There exist points y such that L,=<g> and y ¢ v*, for v as defined in (3).

(5) The points x in V such that L,< N, form at least p®|3'*.k orbits under U*.
If p¥=4, these points form at least 2 orbits under U*.

Proof. (1) R,={a,, ay> fixes the points ¢; @ 7;, 1 £i, j<3. Of these, g fixes only
&1 @ 1.

(2) Let Ry=<a;), and let S={xe V' : L,={R,, g>}. Then x € S if and only if
x=(100) ® x,, for x; € V, such that (N, g5>.,=<g,>. From Lemma 6.1, the
number of orbits in SV under U is equal to the number of orbits in S under
Ny((Ry, g)). By Lemma 5.6, this number is equal to the number of orbits in S
under Ny,({gz»). Finally, this number is equal to s—1, by the definition of s (the
remaining orbit in ¥, of points fixed by g, is counted in (1)). Moreover, |S|=
pF+@2,p—1)—4.

(3) Recalling that (01 — 1) has stabilizer K;=<d,, f;, g> in U, (i=1, 2), (Corollary
6.10), it follows that {dy, dy, f1, /2, &1, &2, €) = K, for e defined by e: &, @ 7, —&; @ m;,
1=i, j<3. Hence, 27-3% | |K,| and so |v¥|=|K|/|K,| divides 32-5, since |Sp(4, 3)|
=2"-3*.5. The group <{hy, hy, d,, dy) is a Sylow 3-subgroup of K (for 4, and A,
defined following Lemma 5.7). For hghy =d2h;h, since g=3, so {h,, hy> has order
27 and contains d, ; moreover, <h;, h,> is normal under d,. It is easily checked that
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v¢Mehed consists of 9 distinct vectors, each with O for the first three coordinates
(recall v=(000 01 —1 0—11)). For example, h,v=(000 1 —10 10— 1). Next, f;(hsv)
= — (211 1A% 122). It follows that (f1h,v)¢":1-"2> is a set of 9 distinct vectors, such
that vP1h2> N (fihv) P> = (because |(1AA%)¢?-¢>|=9). Hence, [v¥| =18, so
|vX| =45. Moreover L,=<{g, since no element of N, fixes (01 —1).

(4) Let T={xe V : ge U,}. Apply Lemma 6.1 with G=K, and H=N in order
to count the points of T accounted for in (1)-(3).

(i) Let x=(100) ® (100). Then |x¥|=|x’|-[K : J], where J=Rx(Ry)=Ny({R2, g)).
But |x’| =1 from (1); and since K= U/N, it follows that [K : J]=Cjy;=2%-5, from
Lemma 3.20.

(ii) Similarly, the (p*—4+(2, p—1)) points x € T for which L,=<{R,, g)> con-
tribute C,5(p*—4+(2, p—1)) points under K, where C,,=28-5.

Therefore, the orbits discussed in (1)-(3) account for

23.5423.5(p*—4+(2,p—1))+3%-5
points of T under K. Since
5 1

_pr-1 e &)
7l = B =p +1e.p-) 11(1,,c_1

from Lemma 7.1, it is easy to check that there exist points y € T not contained in the
orbits of (1)-(3). Moreover, since K=U/N and from Lemma 3.18, it follows that
L,={g), for these points y.

(5) The number of points x € ¥ such that L, <N is

(P = D/(p* =1 |TY|.
We determine |TV| by applying Lemma 6.1 to the set T with G=U and H=L.
Thus each point x € T with L,=<{R,, g> accounts for [U : J] points in TV, where
J=RNy(L,). In this case, J=Ng(R;)- R, is a semidirect product, and hence [U : J]
= Cyg[N : R,]. Similarly, TV consists of 9-40 points from (1),
27-40-(p*—4+(2,p—1))
points from (2), and

81-[p* +(2, p— )(p*—1)[(p*—1)—40p* +120—40(2, p—1)]

points from (3) and (4).
Let p¥>4. Since (2, p—1)(p**—1)/(p*—1)<2p*, it follows that |TY|<3%p*,
and hence

(P = DI =D = T > p*-4p(p = 1](p*— )= 3> p*
Therefore, there exist at least p® remaining points x, distributed in at least
P lk-38(32—1)(3*—1)> p® [k - 3!* orbits under U*. If p*=4, then (p% —1)/(p*—1)

—|TY|=25-3%.52. Since |U*|/(p*—1)=2%38-5 for p*=4 (k=2), it follows that
25.34.524 |U*|, so the points of (5) occur in at least 2 orbits, as required.
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7.3 COROLLARY. Let g=3 and m=2; let H be a solvable subgroup of U*. The
following table lists lower bounds for r*(U*) and r*(H) for p*=4 and 1. For p*>1,
r*(U*)z100.

Case pr=4 =1 pE>17
r¥(U* z 6 7 100
r¥H) 2 9 67

Proof. The orbits of parts (1)-(5) of the lemma are all distinct under U*. For
example, the orbits of (1), (2), and (3) are distinct, since their stabilizer subgroups
in L have distinct orders and since LIU*. The orbits of (4) and (5) are distinct
under U by construction. Moreover, since o(v)=v, for v of (4), v¥=0"", so v¥" is
distinct from the orbits of (5).

If p*=4, then s=2 in part (2), from Theorem 6.34, and hence (1)-(5) prove the
existence of at least 6 orbits under U*. If p*=7 then s=3, so that (1)-(4) account
for at least 5 orbits. Finally, from (5), 78/314 > 78/28%.32="74/28.32>28.3%/28.32=],
implies the existence of at least 2 more orbits. Hence U* has at least 7 orbits in V.
If p*>17, then r*(U*)2 100 from Corollary 5.3.

Next, by applying to H the various cases of Lemma 5.8, one can see that, in
each case, either |H,||27-3%-k, or |H| |27~5-fc, since 8=k. For example, in
case III, p, =2 and t,=2 or 4. If 1, =4, then W is four-dimensional over GF(3),
and M, a minimal, nonabelian normal subgroup of H;, has order 22" for n=1
or2. If n=1, then M~ Q, and M acts reducibly on W, so that |H,| | 48-|GL,(3)| =
28.32, whether H, is primitive or imprimitive on W. However, |H,| | k|Aut; (N)|/g*"
implies |H,| | 27-3%-5k; so if n=1, then |H,| | 27-3%-k. If n=2, then M=N*(2?)
or N%(22). In these cases, |H;| | 27-3%-k, and |H,| | 27-3-5k, respectively. How-
ever, in the latter case 15t |H,|, since H, is solvable and U/N~Z; [1], [14]. The
other cases are similar.

Let H*=%,({g>), so that H* splits H over N (mod 4), and H*~ H,, if k=k.

1. Let p*=4, so that k=k=2. If |H*| | 2%-3%, then each of the 2 orbits of 40
points under K, of parts (1) and (2) of Lemma 7.2, decompose into at least 2 orbits
under H*, since 4012832, Similarly, the 45 points of v%, part (3) of Lemma 7.2,
occur in at least 2 orbits under H*. On the other hand, if |H*| | 2®-5, then the
points of (1) and (2) might occur in one orbit each under H*, but the points of
part (3) of Lemma 7.2 must form at least 2 orbits. There remain 341 —125=216
points in T which do not occur in (1)-(3) (see proof of part (4) of Lemma 7.2). It
is easy to check that there are no solutions for 2% .51 42%.52=216, 0<14;, i, <8,
0=<j,, jo=1; hence these 216 points occur in at least 3 orbits under H*.

Therefore, in each of the two cases, H * has at least 3 more orbits than the estimate
for U* above.

2. Let p*=7. From (5) of Lemma 7.2, there exist at least 78 points x such that
L.SN. Since |Hy| |27-5 or 27-32, then |H|/(p*—1)<27-3°. Hence the points of
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(5) occur in at least 78/27-3%=(7/6)%(49/2)>61 orbits under H. Parts (1)-(4)
contribute at least 5 orbits under H, so r*(H)=67.

8. Cases C;-C,, D (¢g=2). We continue to assume that the groups under
discussion are factor groups (mod A).

Case C,: g=2, m=1. In this case, N~ Q (type 2), since otherwise Lemma 3.2
(5) is violated. Hence |U*|=24k (mod A), and r*(U*)=(p*+1)/24k. The exact
situation is as follows.

8.1 LEMMA. Let N~ Q. Define integers v,,...,vs as follows: vy, ...,vy are 0
except that vi=1if p*=1(mod 4), vo,=1if p=3,v3=1 if p*=1 (mod 3), and v,=1
if p#3 and p*=1 or 3 (mod 8). Last, vs=[(p¥+ 1) — (6vy +4vy + 8vs + 12v,)]/24.

Then r*(U*)=3% v, and r*(U*) = (vs/k)+ >4 v,

8.2 COROLLARY. Let N~ Q. The following table gives the exact orbital structure
of U, for the first few cases of p*.

p* 3 5 7 9 11 13 17 19 23 25

(v1, V2, v3,

vs, v5) | 01000 10000 00100 11000 00010 10100 10010 00110 00001 10110

r*(U) 1 1 1 2 1 2 2 2 1 3
P 27 29 31 37 41 43 47 49 53 59
(v1, V2, v,

vs, v5) | 01001 10001 00101 10101 10011 00111 00002 10111 10002 00012

r¥(U) 2 2 2 3 3 3 2 4 3 3

Proof. The proof depends upon the following facts about PSLZ(p"), and
PGL,(p*) as permutation groups of the projective line L, (see [7], [8]). First,
$(Q) is a noncyclic group of order 4, Y(U)~Z,, and $(U)=PGL (where
J: GLy(p*) — PGLy(p*)). Further, y(U)<PSL if and only if p*=+1 (mod 8).
Each element of PGL has a regular cycle structure (i.e., all nontrivial cycles have
the same length), and each element fixes 0, 1, or 2 points of L, as it belongs to a
cyclic subgroup of PGL of order p*—1, p, or p*+1, respectively. PSL consists of
the even permutations of PGL.

Further, $(U) consists of ¥(Q), 4 conjugate Sylow 3-subgroups, 3 conjugate
cyclic groups of order 4 (which intersect $(Q) nontrivially), and 6 conjugate
groups of order 2, disjoint from (Q). The normalizer of a Sylow 3-subgroup in
$(U) is noncyclic of order 6, and every element of order 2 in $(U) — (Q) normalizes
two Sylow 3-subgroups.

The elements of ¥(Q) have a total of 0 or 6 fixed points occuring in v, =0 or 1
orbits, as p¥*=3 or 1 (mod 4), respectively. In the latter case, U, is cyclic of order
4, for such a fixed point x.
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A Sylow 3-subgroup of $(U) fixes no point in common with an element of
$(Q) or another Sylow 3-subgroup. Hence, there exist 0, 4, or 8 points fixed by
each Sylow 3-subgroup, as p*=—1, 0, or 1 (mod 3), respectively. These points
occur in 0, v,=1, or vz=1 orbits, respectively, by conjugacy (in the last case, an
element of order 2 in $(U)—¢(Q) normalizes two Sylow 3-subgroups, and hence
must permute the two fixed points of at least one of them). In the last two cases,
|U,|=6 or 3, respectively.

Next, let f'€ $(U)—(Q) with f2=1. Then f fixes two points if and only if either:
1. fe PSL and p*=1 (mod 4), i.e., p¥=1 (mod 8); or 2. f'¢ PSL and p*=3 (mod 4),
i.e. p*=3 (mod 8). If f fixes two points, then these are interchanged by the element
of $(Q) commuting with f. Further, if f and a conjugate f’ fix a common point,
then {f, f'> has order 6 (since {f, f'> N $(Q)+#1), and from above p = 3. Therefore,
if p#3 and p*=1 or 3 (mod 8), then the conjugates of f fix a total of 12 points
which occur in v4=1 orbit.

Finally, the remaining points are fixed by no element of ¥(Q) and so occur in v
orbits of length 24. It is only these orbits which can be consolidated by elements
of U*/U.

Although N~ D (type 1) does not satisfy (3.1), it is helpful to know the struc-
ture of U in order to apply Lemma 5.7 to the case C, (¢=2, m=2).

8.3 LEMMA. Let N~ D. Define the integers v, ..., vy as follows: vi=1; v, and
v3=0, except that vo=1 if p*=1 (mod 4), and vs=1 if p*= +1 (mod 8); and v,
=[(p*+1)— (dv; +2v5+4vg)]/8.

Then r*(U)=3%v;, and r*(U*) 2 v, +vo +vg+ (va/k).

Proof. Since (U) is a nonabelian group of order 8, it is clear that $(U) is a
dihedral group. Let $(U)=<a, b), a*=>b%=1, bab=a"'; and let y(D)=<a? b).
Then b and a%b each have 2 fixed points, which lie in »; =1 orbit under U. Next,
a and a? have a total of 0 or 2 fixed points as p*=3 or 1 (mod 4) occurring in »,
orbits. Further, a® € PSL; and a € PSL if and only if p*= +1 (mod 8). Since ab
and a®b have order 2, and since b always has fixed points, then ab and a®b have
fixed points exactly in case ab and b are either both in PSL or both not in PSL,
i.e., exactly in case a € PSL, or p*=+1 (mod 8). The 0 or 4 points fixed by ab
and a% occur in v; orbits. Finally, the remaining points occur in v, orbits of
length 8.

8.4 COROLLARY. The points x for which D,=1, occur under U* in at least 2
orbits if p* =17 and p*+#21.

Proof. Use the inequality (p*—5)/8k =2, and check the cases p*=17, 19, and
25 individually.

Case C;: g=2, m=2. For a discussion of splittings in the chain US> (N, 4>> 4,
see the end of this section.
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8.5 PROPOSITION. Let g=2, m=2, and N=N7(2%), for j=1, 2, 3, be irreducible.
Let H be a maximal solvable subgroup of U which satisfies 3.1. The following table
gives a lower bound for r*(H) for certain values of p*.

pk
type 357 9 11 13 17 19 23 25 27| pt> 17
j=1 |23 46 4 611 10 15 13 9 9
j=2 |1 425 6 11 19 23 40 29 23| 23
j=3 36 6 9 11 11

8.6 COROLLARY. The maximal solvable subgroups H of U for which r*(H)<2
are as follows:

1. p*=3, N=N(22); U is solvable and r*(U)=2, where |U|=28-32 by (4.6).

2. p*=3, N=N2%12%). Let H be a subgroup of order 2%-5 (mod A) (case I). Then
r*(H)=1 (Huppert). H contains two proper subgroups, of orders 2°-5 and 2*-5 for
which the r*-rank is 1. U contains no subgroup satisfying (3.1) with r*-rank 2.

3. p¥=7, N=N?*22%). Let |H|=2%-5 (mod A), (case I). Then r*(H)=2. More-
over, each proper subgroup of H has r*-rank at least 4.

Proof. It is convenient to consolidate in the following table the available
information about these cases, according to the type of N. Let T={x : N,=1}.

Type 1 2 3
| Hy| divides: (case) 23.32, (IN) 22.5,(D 22.5,(I); 23-3%, (1)
Ch Cli=9, Cii=6 Ci3=5, Ci3=0 C3:=15, C{=15
C33=6, C35=9 Cf3=10, C32=15
p=3
|T| (mod 4) | (p*—17)(p*+1)+48 (p**=9)(p*+1) —

for p*>5 pk=1
(mod 4) | (p?*—29)(p*+1)+120 | (p?*—29)(p*+1)+120 | (p%*—29)(p*+1)+120

p=3 | N-Stabilizers S3 AY —
|T| 16 0 —
p¥=5 | N-Stabilizers S3, S2 S3 Sa
|T| 96 96 96

Most of this information is immediately available. For example, the values for
CH, are computed in Lemma 3.20; moreover, the number of fixed points for each
St is computed in Lemma 3.21, the N-stabilizers are discussed in Lemma 3.22, and
from this information and Lemma 3.25 one can compute the number of points
with trivial N-stabilizer in each case.
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Finally, 3 cases I, II, III must be considered to determine |H,| (Lemma 5.9).
Case III is impossible since m=2 and g=2. In case I, | H,| | 22.3.5, and in case I,
|Hy| | 23-32. However, |H,| | |Aut; (N)|/2¢=23-32,23.3.5,2¢.32.5 as the type j
of Nis 1, 2, 3, respectively (Lemma 5.9 and Proposition 4.6). Therefore:

Type 1 2 3
|H,| case 1 22.3 22.3.5  22.3.5

divides: case 11 23.32 23.3 23.32

However, type 1, case I and type 2, case II cannot occur, and in case I of types
2 and 3, 3t |H,|, as follows.

Type 1, case 1. Let N=Q; @ Q,, where Q,={c;,d)~Q, i=1, 2. Let N(Q))
={Qy, e, fi), Where e;: ¢, — d; — ¢ dy, and f: ¢, — d,, with e} =fZ=1, i=1, 2. Let
8: 01— 0, by 8: ¢; — ¢y, dy —> d,, with 82=1. Then U={N, ey, e,, f, f2, ) from
|U|, or from the fact that there exist 2Q’s in N (Lemma 4.5). In case I, H, consists
of the normalizer of an element e of order 3 which fixes no point of W. Hence
e=e, e, or efe; (Which are conjugate). Let e=e,e,. Then H, SN, e,e,, fif2, 8)/N,
but H; reduces W, since H, fixes the subspace {c;c,, d,d2>/3(N) of W. This
contradicts Lemma 3.2, so case I is impossible. Note that e= ele;ﬁxes the following
abelian subgroups of N: {c¢,cs, didy), {cididy, cicady), {cid,, cidicy>. It can be
checked that none other of the 12 abelian subgroups of length 2 is fixed by e.

Type 2, case II. Since Ci3=>5 and |H,| | 27-3, H, must permute the subgroups
S1 of N in at least 2 orbits. One orbit must generate an H;-invariant subspace of
W of dimension =2, which is impossible by Lemma 3.2. Hence case II is impossible.

Types 2 and 3, case I. A similar argument as above shows that in types 2 and
3 case I, |H|t28-3-k. For example, if N=N?, then N'=N?, and a Sylow 3-
subgroup of N is also a Sylow 3-subgroup of N3. Hence, we can assume (in
case I, type 3, with |H| l 22.3) that <e) is the subgroup of H, of order 3. Since
ey fixes exactly 3 of the 15 S,’s of N2 (from above), it is clear from the order of
H, that H, fixes at least one of the S,’s, thus violating Lemma 3.2. Hence, this
situation is impossible. Finally, 3-5¢ |H,| in case I, because if so then H, is the
normalizer of an element A of order 15. But Sp(4, 2) contains no element of order
15, as follows. Let

0011 0110

1100 1110
h = and f=

0111 1001

0110 0010

be elements of GL(4, 2), represented as left operators. Then A'®=1 and h®=f.
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Hence <h)=Cgp4,2(<f)). Moreover, fe Sp(4, 2), with respect to the alternating
form with matrix

0100
1000
0001
0010,

Further {f) is a Sylow 5-subgroup of Sp(4, 2). Hence Sp(4, 2), has an element of
order 15 if and only if 4 € Sp(4, 2), but ""Mh+# M so h ¢ Sp(4, 2). This fact also
follows by examining the permutation of the 15 abelian subgroups of length 2 in
N induced by A. To do this, identify 4° with the appropriate element of order 3
in the Sylow 3-subgroup discussed above (for type 1). Then /° fixes exactly 3 of
the abelian subgroups, while 42 fixes none. This is impossible so & ¢ Sp(4, 2).

The proof of Proposition 8.5 follows by considering the various values for p*
and types for N separately.

p¥=3, type 1. Since H is maximal then H= U. Therefore, the 4- C1} =24 points
with nontrivial N-stabilizer lie in one orbit (from Lemma 3.21). From the repre-
sentation of U (for N=Q,; @ @,) given above, clearly the 16 points of the form
x=Xx; @ x, form one orbit under U. These points have trivial N-stabilizer, and
hence r*(U)=2.

p¥=3, type 2. Huppert has shown that for case I, there exist 3 groups H; with
orders 2¢-5, 25.5, 28.5, such that r*(H)=1. There are subgroups H of U with
r*-rank 2, but these occur in a different context; i.e., none of the groups H
satisfy the hypotheses (3.1). Incidentally, it is known that for p*=3 and N=N?2(2?),
U/N=~ Z; by the action of U on certain pairs of lines of the nearfield plane of order
9 [1], [8, §5]. Such a pair of lines constitute the fixed points of a stabilizer subgroup
S1. Hence U/N acts on the set of 5 subgroups {S}i} as Z.

p¥=S5, type 1. There exist 3 types of stabilizer subgroups of N (including 1).
Hence, r*(U)z=3.

p*=S5, type 2. Since |H||2°-5, then C33=151|H|, so there exist at least 2
orbits of points with nontrivial N-stabilizer. The 96 remaining points form at
least two orbits, similarly. Hence r*(H)=4.

p*=5, type 3. If |H| | 2°-5, then exactly as above, r*(H)24. If |H||27-32,
then there exist 2 classes of N-stabilizers, so r*(H)=3.

p¥=1, type 2. If |H|=28-5, then r*(H)=2, as follows. Let

_(o 1) b_(l 0) c_(s 5)
A=\ o) T 1) T s )

with entries in GF(7). Let a=a, @ I, b=b,Q I, c=IQ® ¢;, d=1Q a,. Then
N2=<a, b, c,d>~D @ Q. Further let
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25 -1 1 1
»n O 2 -1 1 2
&= 7l DA PRCERP Y
O 4 2 -1 -1 5

Then fand g normalize N, gt= —b, f°=1, and gfg~* € (f, N>. Hence we may take
H={N,f, g, A>. One orbit of H consists of the 80 points with some nontrivial
N-stabilizer, Si. For f can fix no element of W and hence must permute the 5 Si’s
transitively. And the 16 fixed points (10) ® x and (01) ® x for the stabilizer
subgroup St=<a, 8(N)) lie in one orbit under <b, c, d, g)>. Hence, since |H|
=|{x : N,=1}|, it is sufficient to show that if N,=1 then H,=1. Since p*=7,
every element of order 5 fixes no point of ¥, so it is sufficient to examine the elements
of the form g2y, with y € N, such that (g2y)? € 8(N). Since g*= — b, y must satisfy:
g%yg~2= 1 by. Now g? has the following action on N; g:a — abd, b — b, ¢ — bc,
d — d. Hence y € {c, bc, cd, bcd}. Therefore,

g% = [Xl 0 ]’
0 X,

where X; are 2x2 blocks (i=1, 2), and X, X; € {c;, di)~ Q. Hence, if g2y fixes

v=(v;), then either v=(v,v,00) and X;=+1, or v=(00vgv,) and Xp=*1, in

which cases N,=<a, B(N)> as above: or g2y= +I. Therefore, the 320 points

x € V such that N,=1 lie in one orbit under H, and r*(H)=2.

For the remaining cases, similar techniques are used. To get the best results,
it is necessary to treat the subcases p*=1 and p*=3 (mod 4) separately. In addition,
to prove the results for p*=19, it is necessary to treat the cases k=1 and k>1
separately (e.g., p*=3 (mod 4): p*=19, k=1; p*227, k>1; similarly for p*=1
(mod 4)). Finally, for p*=19, one must use Lemmas 8.4 and 5.7 to improve the
estimates. E.g., for p*=19 and p*#27, RN(D) has at least two orbits with trivial
D-stabilizer. Hence, every class of stabilizers of length 1 in N(22) has at least two
orbits, from Lemma 5.7.

In case N=N?(2?) is represented over an arbitrary field F=GF(p*), what
splitting occurs in the chain U><N, A>>A4?

PROPOSITION. 1. U/A splits over {N, A>|A, (possibly several conjugacy classes of
complements exist).

2. If U/A is a complement of {N, A>|A, then U does not split over A, but U[{—1)
splits over A[{—1).

3. There is a subgroup U of U such that NcU, U n A={—1), O[N~U/{N, 4)
and U[{—1) splits over N|{—1).

Proof. To prove (3), let U=U~- N, where U~ [{— 1) is a complement of 4/{—1)
in UK =1).
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To prove (1), it is sufficient to show that a Sylow 2-subgroup S of U/A4 splits
over (N, A>|A [Theorem 6.9, p. 26, Proc. Sympos. Pure Math., Vol. 6, Amer.
Math. Soc., Providence, R. 1., 1960]. Let

01 1 0 A @
al—dl—(_l 0), bl—(o _1), and c—(# —A)

where A2+ pu2=—1 in GF(p*), as in the case above for p*=7 (also see (3.9)). Let
a=aQ@ I b=b, QI c=IQ ¢, and d=1Q d,. Then Q~{c,d> and N=N?(2?
={a,b,c,d>>~D @ Q. Let g, be a 2 x 2 matrix with determinant + 1 normalizing
Q=<ec, d) and inducing the following automorphism of Q: ¢ - cd > —c — —cd,
d—d. Thus gl=ed e Q, where e= + 1. Let

0 —cg (4 0
g_(gl 0) and S_(O cd)'

Then gt=s5%2=—1, sgs~*=¢g% (g, sD>< U, and in fact {g, s, A>/A4 is a complement
of (N, A>/A in the Sylow 2-subgroup S=<g, s, N, A>|A of U/A.

However, {g, bs, A>[/A is another complement in S, which is not conjugate to
{8, s, A>|A (conjugacy would have to occur in RNy({g>)=<b, —1)). Hence, two
complements of (N, A>/4 may not be conjugate.

Finally, if U/A is a complement of (N, A>/A4, then we can assume that either
{g, s> or {g,bs)<U ({g)> and {ag) each have 8 conjugates under N, but {a, g)>
does not split over N since (ag)*= —b). In either case, splitting does not occur
over A.

To show U[{—1) splits over A/{—1), it is sufficient to examine the Sylow
subgroups of U/{— 1), where |U/{—1)|=27-3-5-(p*—1)/2. If 5!|p*—1 for i>0,
then 5% | |GL,(p*)| and a Sylow 5-subgroup of GL,(p¥) is an abelian group which
splits as required. The Sylow 3-subgroups of U split over A4, since

h, O
h‘(o hI)EU’

where h; is a 2x2 matrix of order 3 which induces an automorphism of Q of
order 3. Finally either <s, g)/<—1) or <bs, g>/{—1) is a complement in a Sylow
2-subgroup of U/{—1).

Case C;: (¢=2, m=3).

8.7 LeMMA. Let m=3, q=2, and let H be a solvable subgroup of U*. The follow-
ing table lists lower bounds for r*(H) for special cases of p*.

" 35 7 9211
r*(H)? 4 6 15 31 200
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Proof. Applying the Cases I-III to N=N'* (1 <i<3), and keeping in mind that
|H,| | 2°-3%-5-7 from Lemma 5.8, the following possibilities arise.

Cases 1 and I1: |H,| | 2-3%-7 or 2*-3¢ (since 72 { |H,|);

Case II: k,=2, t;=3, p,=2% —1, t,)=3, M=M(3') €  has length 1 and is
irreducible, so that |H,| | ki(g*1 —1)-p2-|SLy(p,)| =2*-3%.

In Cases I-III, |H,| £2*-3%, so from Lemma 5.8

r*(H) z (p**—1[k(p*—1)2'°-3* 2 pS(p*+1)/2'°-3* k.
If p¥ =11, then p*[k = 3%/3=9, so
r*(H) =z 32-11%/28.3% 2 11-(120)?/28-3 = 3-52.11/4 > 200.
If p*=9, then
r*(H) z 2-3'2.5/211.3% = 38.5/21° > (9/8)3(45/2) > 30.

If p*=7 then N has type 1 or 2. Moreover, Lemma 3.22 and the fact that 5|C3
(j=1, 2) but 5t |H|, imply that the points x such that N,#1 occur in at least 3
orbits. From Lemma 3.20, Ci;=35 and C}£=27. Since each stabilizer subgroup
of length 1 fixes 2-(7*—1)/6 points from Lemma 3.21, it follows from Lemma
3.23 that there exist at least [(78—1)—70(7¢—1)]/6 points x such that N,=1
(mod A). Since |H|<2°3%, then these points contribute at least

(7*+1-70)(7¢—1)/2'*-35 Zz 27-3.52.583/211.35 > 52.26.32/2¢.3% = 100/9 > 11

orbits under H. Therefore, r*(H)=15.

Let p*=5. 1. Let N=N* (type 1). From Lemma 3.22, the stabilizer subgroups
of N are Si, S} (i=1, 2). But C}} { |H,|, for i=1, 2 and s=1, 3. Hence, each of the
four stabilizer subgroups in N contributes at least 2 orbits, so r*(H)28.

2. Let N=NZ2 (type 2). First, the stabilizers are S}, S?, and S3. Next, estimate
the number ¢ of points x with N,,=1 (mod 4). Each S} (i=1, 2) fixes 2(5*—1)/(5—2)
points, so

12 (5—1)/4—(63)-2-(5*— 1)/4.

However, each of the C33 stabilizers S? fixes 8 distinct points, and each such set
of 8 points is counted 6 times too often in the above estimate. Since C32=33.5,
then

2 (55—1)/4—2-32.7. (54— 1)/44+2%.3%.5 = 2°.3.5.11.

Therefore, these ¢ points contribute at least 2°-3-5-11/21°.34> 1 orbits.

Finally, since C33 t |H,|, the stabilizers S% contribute at least 2 orbits. More-
over, from Proposition 8.5, in case =2, m=2, p*=5, and N=N2(22) has type 2,
the points with trivial N-stabilizer occur in at least 2 orbits. Lemma 5.7 implies the
stabilizers ST and S? of N contribute at least 2 orbits each.

Therefore, r*(H) = 8.
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3. Let N=N3 (type 3). The stabilizers are S; and S, and C$;=63 and C3;=33.5.
If |H,| | 2¢-3* then the ¢ points with N-stabilizer 1 contribute at least 2 orbits, as
in 2 above. In this case, C3; t |H:| and C3; t |H,| imply r*(H)26.If | Hy| | 2-32-7,
then the ¢ nonfixed points form at least 2°-3-5-11/27-33.7=220/63>3 orbits;
and since C3; { |H,|, then r*(H)27.

Finally, let p*=3. 1. Let N=N"*. Then S! and S} are the stabilizers in N, and
Cli=5-7, C3{=2-3-5. Since 51 |H,|, the stabilizers of N contribute at least 4
orbits.

There exist (32 —1)/2—2-5-7((3*-1)/2)+2-3-5(6-8)=27-3-5 points with trivial
stabilizer. Since 5 { |H,|, these points contribute at least 2 orbits. Hence r*(H) 2 6.

2. N=N2 Then S} is the only stabilizer subgroup of N, and C3%=32-5. Since
5t|H,|, the stabilizers in N contribute at least 2 orbits. Moreover, there exist
((3%—1)/2)—45-16=2°-5 points with trivial stabilizer. Since 51 |H|, these points
contribute at least 2 orbits. Hence r*(H)=4.

Case C, (q=2, m=4).

8.8 LEMMA. Let m=4, q=2, and let H be a solvable subgroup of U*. Then r*(H)
211 if p*=3, and r*(H)= 3,000 if p*=5.

Proof. As before, r*(H)Z= p*°%/28k|H,|. Now apply Lemma 5.9.
L |H,||8@5—1)=2%-3-5-17.

IL (1) rn=k,=1,=2, |H,| |2|(H1)W1|2, where (H,)y, is a solvable irreducible
subgroup of I'Ly(4). Hence, |(H;)w,| <72 from [7, p. 286 (261, 262)], |H,| <27- 3%
Moreover, |H,| | 27-3¢.52.

(ii) ri=4, ky=2, 1,=1, |[H,| | 4! (2-3)*=2"-3".

(iii) ri=2, ky=4, r,=1, |H,| | 2(4-3-5)2=2°.32.52,

III. There is no prime p, such that p,|(2¥: —1, ¢,), with k¢, =8.

Therefore |H,| <27-3%, and r*(H) 2= p'5*[215.3% -k

If p¥= 5, then p*/k29/2, so

r¥(H) 2 32.514218.35 = (5/4)®-(25/3)° > (45/8)-(83+8%) > 3000.

Next let p*=3. From Lemma 3.20, C11=33.5 Cl}=32.52.7, C}1=2-3%5
Ci?=17-7, and C}2=32.5-17.
Each of the C}{ subgroups S} of N=N7(2*) fixes 2(p®* —1)/(p*—1) poiants of V
from Lemma 3.21. Hence there are at least
(B*%—-1)2—C1{-2(38—1)/2 = (31—1)[2—3%-5(38-1)

points x such that N,=1. Now (3'*—1)/223%.5-(38—1), since 3!¢>2-3!1.5,
Therefore, there are at least 315+ 3!¢=4.3'4 such points x.
Case 1. Let 3° | |Hy|, so that |H,||27-3° (II-ii). From Lemmas 4.6 and 5.8,

[Hy| | Autz (N)/g2m = 213.(2¢ + 1)(22— 1)(2* — 1)(26— 1) = 213.34.5.7-(16 +(— 1)),
where N has type i. Since 3° | |H,|, it follows that N=N?*(2*) has type 1. From
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Lemma 3.22, the subgroups S} of N are stabilizer subgroups, for i=1, 2, 4. More-
over, since Ci t |Hy| (i=1, 2, 4), each stabilizer subgroup contributes at least 2
orbits. In addition, each class of S}’s contributes at least 2 orbits from Lemma
3.23, since if N=N*(2°) then the points with N,,=1 occur in at least 2 orbits under
U(N) from the proof of Lemma 8.7. Hence, the points with nontrivial N-stabilizers
occur in at least 8 orbits. In addition, the points x with N,=1 (mod A) contribute
at least 4-314/215.35=(9/8)*-(3/2) >2 orbits. Therefore, r*(H)=11.

Case 2. Let |H;| £27-3% The points x with N,=1 (mod A) contribute at least
310/218=(9/8)5.-4>57/8 > 7 orbits. From Lemma 3.22, S} is a stabilizer subgroup
of N/(2%) for i=1, 2, 4 and j=1, and for i=1, 3 and j=2. In case j=2, then since

13=7-171|H|, there exist at least 2 classes of stabilizer subgroups S} under H.
Hence whether j=1 or 2, there exist at least 3 orbits of points with nontrivial
N-stabilizer. Therefore, r*(H)=11.

Case D (¢g=2, m=5).

8.9 LEMMA. Let m=5, q=2, and let H be a solvable subgroup of U*. Then
r*(H)= 31,

Proof. r*(H)z p®2*/2'%|H,| = 3%!/2!°|H,| from Lemma 5.8, since p*=3, and
prlk=3.

Now consider the cases I-1II of Lemma 5.9.

L |H,| | 10(21°—1). II. Since g=2, then k,>1. (i) r;=2, k;=5, t;,=1, and
|Hy| | 2(5-3D)% (i) r;=5, =1, k; =2, and |H,| | 5!(2-3)°=28-3¢.5.III. No case
is possible since (21 —1, #,)=1 if k,#, = 10. Hence in cases I-II1, | H,| <28-3%.5 and
r*(H)2 3%1[218.36.5> 325/218. 55 313/5 5 311,

9. The class B;. Let H € B (Definition 2.9). From 3.1, H is a maximal solvable,
irreducible primitive semilinear group acting on a vector space V over F=GF(p*);
H contains A4, the group of all scalar transformations of ¥; H contains a minimal
normal nonabelian subgroup N=Ni(g™) € , (Definitions 3.4 and 3.6), and
Nc@y(A); and N is reducible. Since H is primitive, N reduces ¥ to a sum of s
equivalent irreducible representations of degree g™, so dim V'=sq™ Let T be a
subspace of ¥ which is irreducible under N, and let N be the representation of
N on T; let X be a vector space of dimension s. Let H denote €(A) and recall
that [H : H]|k (Lemma 4.1). Moreover, from Lemma 4.1 we can assume that
H<Re0(N) ® GL(X) acting on V=T ® X. There are mappings (mod F)
e®pB—>aand « ® B— B from H into Ng,(N) and GL(X), respectively. Let
H; and Hy be the images of these mappings. Then H< H, ® Hy. Let {5}, {x;},
and {n; ® x,} be bases of T, X, and T ® X, respectively, and let o, o5, and o be
the semilinear mappings (@;,...) —>(a%,...)of T, X,and T ® X.Thuso=o0; ® o,.
Let H=(H, yo*), for y e GL(V), and ulk, and let yo*=y,0% ® y,0¥ (as in [I3,
p. 482]). Then y,0% normalizes H; and y,o% normalizes Hy. Since H is maximal,
this implies that H=Hy ® Hy, and |H|| k|Hy| |Hy|. In decomposing H, it will
also be necessary to consider the groups Hy=<Hr, y;0¥> and Hy=<{Hy, yob>.
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Finally note that Hy acts irreducibly on W=N|3(N) from (3.2; 5) and (4.1); and
since H € B; then Hy is primitive so Hy € B,.

As before, the discussion of By is conducted modulo F. That is, all groups are
factor groups (mod A) acting on the points (i.e., one-dimensional subspaces) of
V. We continue to neglect the distinction between a point x= Fv and a generating
elementve V.

9.1 DEFINITION. Let v be a point (i.e., a one-dimensional subspace) of V. Define
7(v) to be the N-dimension of FN(v), i.e., 7(v)=(dimz FN(v))/q™. If 7(v)=d, we
will call v a d-point of V.

9.2 LEMMA. Let v=2¢_, 7, ® x;, where {n} and {x,} are linearly independent
sets of T and X, respectively. Then v(v)=d.

Proof. First note that FN=GL(T). For FN is a simple algebra since T is irre-
ducible; hence FN is a complete matrix algebra over an extension K of F. There-
fore, FN affords an irreducible representation of N=N(q™) over K, and hence
dim FN=¢?"=¢?"[K : F], from (3.12). Hence K=F and FN=GL(T).

Next, FN(v)~ FN/|A(v), where A(v) is the annihilator of v in FN. Hence 7(v)
=(dim FN—dim A(v))/q™. Let a=a, @ 1€ FN, where o, € FN. Then «(v)=
> oy(p) @ x;, and hence «(v)=0 if and only if «;()=0, 1 <i<d, since {x;};=i=4
is a linearly independent set. Let R=<{%,, ..., 7,><T where dim R=d. Then A(v)
~ A(R), the annihilator of R in FN. Since FN=GL(T), A(R) is the set of g™ x g™
matrices with zeros in columns 1 through d, and hence dim A(R)=(q™—d)q™.
Finally, dim FN=¢%", so 7(v)=(g*"—q™(q™—d))/q™ =d.

9.3 COROLLARY. r*(H)z=min (s, g™).

Proof. Since N is normal in H, clearly  is the constant function on each orbit
of H. From the proof of 9.2, there exist points v; with 7(v;)=1, for

1 £ i £ min(dim 7, dim X) = min (g™, s).
It is also clear that 1 < 7(v) <min (s, ¢g™) for all v#0 in V.

9.4 LeMMA. Let H; and Hy have ¢, and c, orbits on the sets of d-dimensional
subspaces of T and X, respectively, where d <min (s, q™). Then H has at least c, - c,
orbits among the d-points of V.

Proof. Letv=>%, 7 ® x,, where {5;} and {x,} are linearly independent elements
of T and X, respectively. Let R={n;,...,m9<T and Y=<{x,...,x;0<X. If
v'=>%, 7 ® x| is another d-point, with associated subspaces R’ and Y’, and if
o« ® Be H such that « @ B:v— ', then clearly c  B: RQ® Y- R' Q Y’ and
hence «(R)=R’, B(Y)=7Y".

9.5 COROLLARY. If r*(Hy)=r*(Hx)=1, then H is transitive on the 1-points of V.

Proof. In this case, the proof of 9.4 implies that H (= H; @ Hy) is transitive
on the 1-points of V.
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9.6 LEMMA. Let d be an integer, 1 =d<min (s, q™). Since the s-dimensional space
X has
d-1
9.7) H (pk(s-t)_ 1)/(pk(i+1)_ 1)
i=0

subspaces of dimension d, it follows that V has

pka(a-l)/z a-1 (Pk(s—i)_ 1)(pk(q"'—o_ 1)
=D &g (PFP-D)

9.8)

d-points.

Proof. Let v=>¢ ;7 ® x; be a d-point with Y=<(x,,..., x,>< X. Since FN
=GL(T), FN(v)=T ® Y. Moreover, for every d-dimensional space Y’ of X,
T ® Y’ is generated by some d-point v' of V. If Y#Y',thenT® Yand TQ Y’
have no d-points in common. Therefore, it is sufficient to compute the number
of d-points in T ® Y. If {x;} is a fixed ordered base of Y, then for each ordered
linearly independent set {3, ..., 74} of d elements of T, there is a unique d-point
>n® x,in T ® Y, and each d-point of T ® Y has this form. However, since a
“point™ is a one-dimensional space, each d-point arises from (p*—1) distinct
proportional ordered sets, A(y3, . . ., 72), | Si<p*— 1. Therefore, there exist

kdd-1)/2 d—1

(PF" = 1)(pFa" —p*)- - - (pFa" — pee-D)/(pF—1) = p(p"—l) :‘El (pram-b—1)

d-pointsinT® Y.

Let v=J¢., 7, ® x, be a d-point of V, and let R={n,,...,7s> and Y=
{X1,...,Xs> as before. Let H, be the subgroup of H fixing v. To determine H,,
let Hy (Kz) and Hy (Ky) be the subgroups of H, and Hy which fix (fix point-wise)
R and Y, respectively. Let H,=Hy/Kp, Hy=Hy/Ky, and K=K @ Ky.

9.9 LeMMA. K< H,. Moreover, there exist isomorphic subgroups B<Hp and
C< Hy such that (A, ® Hy),~B.
Therefore, |H,|=|K|-|B|.

Proof. Clearly, KcH,cH, ® Hy. Let B ye Hy @ Hy, and let B and y be
represented on R and Y with respect to {n;} and {x;} by dx d matrices b=(b;;) and
c=(cy), respectively. Then b ® c e (Hy @ Hy), if and only if b”=c~! (mod F),
where bT is the transpose of b. Hence, there exist isomorphisms b @ ¢ — b and
b ® ¢—c from (H; ® Hy), onto subgroups B and C of A and Hy, respectively,
as required.

Conversely, if B and C are subgroups of H and H, respectively, such that
BT=C"1, then the subgroup {p @ ¢ : bT=c 1} of B® C is in (Hz @ Hy),, and
this subgroup is isomorphic to B.
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9.10 PROPOSITION. Let H € By, with N=N(q™) a minimal normal nonabelian
subgroup of H, and let dimg (V)=sq™, where F=GF(p*). Then:

1. r*(H)=2 only in the following cases:

(@) q"=2, p¥=3, s=3, HSGL,(3) ® Hy, where Hy is the full group of the
affine line of order 3%; in this case 3 nonconjugate groups occur, whose orders are
28.32.13, 23.3-13, and 23-3-13. However, Hyx has a normal subgroup of order 13
so that a maximal abelian normal subgroup has order 26 instead of 2. Therefore the
groups listed here are subgroups of U* in Case C, (=2, m=1) for p*=33 (see
Corollary 8.2).

(b) q"=2, p*=3, s=2, and H=GL,y(3) @ GLy(3). In this case 5 nonconjugate
groups occur whose orders are 25-32, 25.32, 26.3, 25.3 and 2°-3. However, these
groups occur as subgroups of U in Corollary 8.6(1), for p*=3 and N=N(2%)=
01X Q:=GL,(3) ® GLy(3). The groups listed here normalize one or both of Q,,
Q., so that N*(22) is no longer a minimal normal nonabelian subgroup.

2. r*(H) =4 except possibly in the following cases:

" =2 3‘235

=7 3 3

Proof. For convenience, let r*(H) denote the number of orbits of H among the
i-points of ¥V, for 1 £i<min (s, g™). In order that r*(H) <3, it is sufficient to con-
sider the following cases (9.3, 9.4):

I r*(Hp)=r*(Hy)=1; 1. r*(Hy)=2 and r*(Hy)=1; III. r*(H;)=1 and
r*(Hx)=2. In I, H must have at most two orbits among all the d-points for d> 1,
so min (s, g™) < 3. Similarly, in I and III, r¥(H)=1 and min (s, ¢g™)=2.

Some subcases are covered by Cases C3—C; and D, §8. For example, let g=2
and Hy € ®B,; let M be an irreducible minimal normal nonabelian subgroup of
Hy and let M be a g-group of length /7 in H. If §=2, then N @ M is an irreducible
H-group. If m+m=3, then r*(H)2=4 from Cases C3;—C; (the proofs in Cases
C;—C; do not require that H act irreducibly on (N @ M)/Z).

Case 1. Let r*(Hy)=r*(Hy)=1, and apply Huppert’s theorem (3.15) to Hy
and Hy.

(a) Letg™=2, p¥=3, 5,7, 11, or 23, and |H;|=24.

(i) Let Hx e, so that |Hx|=s(p*—1)/(p*—1). Hence ri(H)=(number of
2-points)/| H | =p*(p*<~Y —1)/24s > 2, except in the following cases:

(«) s=2, p*<7; (B) s=3, p*<5; (y) s=4 or 5, p*=3. If r¥(H)=1, then s=2 or
3 and p*¥=3. These cases will be discussed further, below.

(ii) Let Hy e B, so s=2or4. If s=4, then 0 ® Q0 ® DJIH so Case C; applies.
If s=2, then |H|=24% and r¥(H)Zp*(p?*—1)/(24)*>2 if p*=11. If r¥(H)=1,
then p*|24 so p*=3.

(b) Let gm=4, p*=3, and |Hy|=25-5. If Hx € B, then Cases C;—C; apply. So
assume Hy € . Then r¥(H)=3-5-13(35"1—1)/2%-5.5>2 for s=3.
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Case 1I. Let r*(Hy)=2 and r*(Hx)=1. Then one of the following subcases
applies:

(@) g"=2, p*29, and |H;| =24 (from Case C,, §8),

(b) gm=4, p*=3 or 7, |Hy|=28-5, and s=2 (from Case C,),

(c) gm=3, p¥=4, |H7|=2°-3% and s=2 (from Corollary 6.35).

In cases (a) and (b), |H| |24% or |H||24ks(p*—1)/(p*—1), as Hxe B or U
respectively. Since rf(H)=1, then p* ] |H| so p=3. In case (a), p=3 implies
r¥(H)> 1. In (b), p*=3 and Case C; applies. In (c), 71 |H| but 7| # (2-points), so
r¥(H)> 1.

Case II1. Let r*(H;)=1, r*(Hx)=2. Since H; €B,, Huppert’s theorem implies
q™"=2 or 4 and k=1; also min (g™, s)=2.

(i) Let Hy € %. Then since H is maximal, |Hy|=(p™—1)/(p*—1) and r*(Hy)
=1; this case is discussed in I.

(ii) If Hx € B, and r*(Hx)=2, then see II.

(iii) Let Hx € B and r*(Hx)=2. From Case I (a)(i) and (a)(ii), p*=3, s=4"5
for g"=2 and §=2 or 3. If §=2, then C; applies. If §=3, then s=6 and r¥(H)
23(35-1)(3°—1)/2(24)%- 13> 1.

(iv) Let Hx € €. From Proposition 2.5 X has a decomposition X=X; ® X, into
imprimitivity subspaces of Hy. Since r¥(H)=1, Hy must be transitive on the two-
dimensional subspaces of X, which is impossible unless dim (X;)=dim (X;)=1.
But then |Hy| | 2(p*— 1). Further, p* | |H| so p*=3. If g" =4, then Hy is not transi-
tive on the two-dimensional subspaces of T, so r¥(H)#1. Hence, g"=2, s=2,
and p*=3.

Returning to I (a)(i) and (a)(ii), let us determine whether groups with r*(H)=2
actually occur.

Let g"=2, p*=3, and s=3. Then |Hy|=2%3, |Hx|=3-13, and there exist
28.3-13 2-points. Further, K; =1 and K;=1 so that |H,| | 3, for v a 2-point, from
Lemma 9.9. Therefore, ry(H)=1, and r*(H)=2. Moreover, r*(H)=2 if |Hy| =8
and |Hy|=3-13, or if |Hy| =24 and |Hy|=13.

Next, let g"=2, p¥=3, and s=2, so H=GL,(3) ® GL,(3), |H|=24%, and V has
24 2-points. Since Hy and Hy are GL,(3), then (H;)"=(Hx) ™!, so there exists a
2-point v with |H,| =24. Thus rf(H)=1, and r*(H)=2. Now let H be a subgroup
of GLy(3) @ GLy(3). In order for r*(H)=2, r*¥(H;)=r*(Hx)=1 (so |Hz| =24, 12,
8, or 4 and if |Hz| =4 then H; < SL,(4)); moreover, if B is maximal subgroup of
H; such that BT< Hy, then |Hy| |Hy|/|B| =24. These conditions are satisfied for
|Hr|, |Hx| the following pairs: (4, 24), (8, 24), (12, 24), (24, 24) and (8, 12).

Finally, from Case I, there are no further groups for which r*(H)=2.

To complete part 2 of Proposition 9.10, it is sufficient to show that no group H
has r*(H)=3 if q"=2, s=4, and p*=3 (I(a)(ii)(y)), or if g"=2, s=3, and p*=35
(I(2)(ii)(B)).

Letg™=2,s=4, and p*=3. Then |Hy| =24, and |Hx| =2°%-5,and V has 2*-3-5-13
2-points. Then |K;|=1and 51 |K,|, so |H,| | 2°, for v a 2-point. If r¥(H)=2 with
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orbit lengths 23-3-5a and, 28-3-5b, then a+b=26 where a and b divide 25. This
is impossible, so r*(H)=4.

Let g"=2, s=3, and p*=5. Then |H;|=24, |Hx|=3-31, and V has 23-3.5-31
2-points. Hence |H,| [ 3, for v a 2-point; and r¥(H)=2 implies there exist a and b
such that a+b=>5, a|3 and b|3. This is impossible, so r*(H)=4.

Finally, let g™=2, s=5, and p*=3. Then |H;|=24, |Hx|=5-112%, and V has
2%.3.5-112 2-points. Then |H,| | 5 for v a 2-point; but the mapping x — x® does
not fix a two-dimensional space of X point-wise (mod GF(3)), so |H,|#5. Hence
r¥(H)=2, and r*(H)=3.
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